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Abstract. We define a condition for approximate inverse systems which im-

plies that the limit of the system has the fixed point property. Moreover, this

condition is categorical in the approximate shape category. We investigate the

class of complex projective «-space like continua with respect to the fixed point

property by means of this condition. As a further application we show that

the hyperspace C{X) of nonempty subcontinua of an arc-like or circle-like

Hausdorff continuum X has the fixed point property. We also prove that 2X

and C(X) have the fixed point property for any locally connected Hausdorff

continuum X.

Introduction

Recently Mardesic and Rubin [MR] defined a generalization of the classical

notion of (commutative) inverse limits called approximate limits. In addition,

Mardesic and Segal [MSI, MS2, MS3], Mardesic and Watanabe [MW], and
Watanabe [Wl, W2, W3] have recently dealt with the idea of nearly commuta-

tive inverse systems. Since the classical notion of inverse limits has some defects

even for nonmetric compacta, it was necessary to introduce this new notion of

approximate limits. Approximate limits have proved to be especially useful in

attacking problems in dimension theory. In this paper we use the approximate

limit approach to obtain results about fixed points.

We define a cosmicality condition for approximate systems which implies that
the limit of the system has the fixed point property. Moreover, this property

is categorical in the approximate shape category. The significance of the latter

statement is that as far as this cosmicality condition is concerned it does not

matter which representation as an inverse limit of polyhedra of a Hausdorff

continuum is used. As an application we show that the hyperspace C(X) of all

nonempty subcontinua of an arc-like or circle-like Hausdorff continuum X has

the fixed point property. Such results had been previously obtained only in the

metric case for C(X) (see [Nl] or [S2]). We also show that a map / : X -> X

has a fixed point if and only if its approximate resolution f : (3?, í¿) —> (S?, %)
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has an approximate fixed point (see (3.2)). Further, we prove that 2X and C(X)

have the fixed point property for any locally connected Hausdorff continuum X .

This was previously known in the metric case since in that case both hyperspaces

are absolute retracts. However, in the nonmetric (locally connected) case the

hyperspace C(X) may not even be contractible (see Example (16.41) of [Nl]).

In § 1 we summarize the needed properties of approximate limits and resolu-

tions. In §2 we investigate the approximate nearness of system maps. In §3 we

consider approximate coincidence points. In §4 we define and investigate the

notion of cosmicality. In §5 we define the notion of cosmicality for approximate

inverse systems and approximate resolutions. We prove that if such a system

has this property then its limit space has the fixed point property. Further we

generalize the notion of cosmicality to maps of approximate systems. We also

exhibit an example of a continuum with the fixed point property, but which

does not satisfy the cosmicality condition. In §6 we investigate the class of

complex projective «-space like continua with respect to the fixed point prop-

erty by means of the cosmicality condition. In §7 we consider nearly extendable

maps and approximate resolutions. In §8 we consider refinable maps and cos-

micality. In §9 we investigate the functorial properties of hyperspaces and then

prove that if an approximate resolution for a Hausdorff continuum X induces

a cosmic approximate ANR-resolution for 2X (or C(X) ), then 2X (C(X))

has the fixed point property. As a corollary we have that if X is an arc-like or

circle-like Hausdorff continuum, then C(X) has the fixed point property. As

another corollary we have if X is a locally connected Hausdorff continuum,

then 2X and C(X) have the fixed point property.

Location of special notation

(Al)

(A2)

(A3)

(AC)

(AC1)

(AFP)

(AI3)

(AM)

1.1

1.1

1.1

5.1

5.1

3.2

[Wl]

1.10

(AM2) [Wl]

(AMC) 4.0

(AMU) 1.10

(AN) 2.0

(AN1) 2.2

(AN2) 2.3

(AS) 1.7

(AU) 1.2

(API) 8.0

(API1) 8.5

(Bl) 1.11

(B2) 1.11

(C)

(CS)

(El)

(E2)

1.3

1.7

[MS]

[MS]

(NE) [W3]

(NE)* 7.0

(RI) 1.10

(R2) 1.10

(RF1) 1.14

(RF1)' 1.15

(SF) 1.15

(U) 1.15

(UL) 1.8

(US) 5.8

(*)

( ** )

1.15

7.8
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1. Approximate systems and resolutions

In this section we summarize the needed properties of approximate resolu-

tions. Without any specification we use the same notation and terminology as

in [MW], In the following we use normal (open) coverings. Recall that these

coverings coincide with numerable coverings, i.e., open coverings which admit a

subordinate partition of unity. Every normal covering % of a space X admits a

normal covering W of X such that the star st&" = {st(J7, W) : U' e %"} re-

fines Í¿. Here, for any subset X0 of X, st(X0, 1?) = [J{U' e %T : U'n X0 ¿
0}. Inductively, st0^' = It', %\x%' = stA" and sfáfc" = st^t"-1 W) for
each positive integer n . We denote the set of all normal coverings of X by

Cov(X). If 2r e Cov(JT), then also st^ e Cov(X). If 1¿, T e Cov(X) and
T refines W, we write T < %. For í¿, V G Cov(X), put % NT = {Un V :
U G í¿ and V g T} G Cov(X). If /, g : Y -» X are ^-near mappings,
i.e., if for any y e Y there exists a U G ^ with /(>>), g(y) G £/, we write

(1.1) Definition. An approximate inverse system (shorter, an approximate sys-

tem) 3f = {Xa, ya, paai, A} consists of the following data. A preordered

set A = (A, <) (we do not assume antisymmetry), which is directed and un-

bounded (no maximal element), for each a e A , a topological space Xa and a

normal covering % of Xa (called the mesh of Xa), and for a < a', a (con-

tinuous) mapping paai : Xai —> Xa (paa — \Xa is the identity mapping on Xa).

We require three conditions:

(Al)   (Paa'Pa'a" ,   Paa") < %   for  a < a' < a" .

(A2) For each a e A and each ^ g Cov(Xa), there exists an a! > a such

that (paa,Pa,ai, Paa2) < %, whenever a2> ax> a'.

(A3) For each a G A and each y g Cov(Xa), there exists an a! > a such

that %» < p"1,,^ = {/?-'„ 1/ : 77 G ̂ }, whenever a" > a'.
If all the spaces Xa belong to a class S? of spaces, we speak of an approx-

imate inverse system in fê or an approximate ^-system. Sometimes we write

(3?, Í¿) to emphasize the meshes Va , a G A .

(1.2) Definition. An approximate system 3f is said to be uniform provided it

satisfies the additional condition:

(AU) %, < p-aWa       for a < a'.

(1.3) Definition. An approximate system 3f is said to be commutative pro-

vided it satisfies the commutativity condition:

(C) Paa'Pa'a" = Paa" for a < a' < a".

( 1.4) Remark. Uniform commutative approximate systems over cofinite index

sets coincide with approximate inverse systems of Watanabe [W1-W3].

(1.5) Definition. By deleting the meshes ^4 in an approximate system 3f =

{Xa, %, paat, A} , we obtain a system X = {Xa, paa>, A] , which we also call

an approximate system. We say that 3f and X are associated with each other.

We distinguish the two notions by using script and blackboard boldface charac-

ters respectively. By definition, 3f determines X. Conversely, every X admits
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an associated 3?, which is not unique. In our statements and arguments we

shall often switch from 3? to X and from X to 3?.

(1.6) Remark. Let X = {Xa,paa>,A} be an inverse system with an un-

bounded indexing set A in the usual sense. By the Mardesic trick (see [MS,

Theorem 2, p. 10]), we can assume that A is cofinite. If each Xa is a met-

ric compactum and if the directed set A is cofinite and infinite, then X is an

approximate system (see [Wl, Proposition (3.8)]).

For approximate systems of metric compacta Mardesic and Rubin [MR] have

defined limits. In [MW] they generalize these results to approximate systems of

arbitrary spaces.

(1.7) Definition. An approximate map p = {pa : a G A} : X —> X into an

approximate system X = {Xa, paa<, A] is a collection of maps pa : X —► Xa ,

a G A, such that the following condition holds:
(AS) For any a G A and any ^ G Cov(Xa) there exists an a! > a such that

(Paa"Pa" ,   Pa) < %  for Ct" > l' •

p : X —► X is called commutative provided X is commutative and

(CS) Paa'Pa' = Pa        for a' > a.

(1.8) Definition. Let X = {Xa,paa-, A} be an approximate system and let

p = {pa : a e A} : X —► X be an approximate map. We say that p is a limit of

X provided it has the following universal property:

(UL) For any approximate map q = {qa : a e A} : Y —> X of a space Y

there exists a unique map g : Y —► X such that pag = qa for any a G A .

(1.9) Remark. If p : X —> X is a limit of X, then the space X is determined

up to a unique homeomorphism. Therefore, we often speak of the limit X of

X and we write X = lim X.

(1.10) Definition. Let 3f = {Xa , %, paa', A) and ^ = {Yb, %, qbb,, B}
be approximate inverse systems. An approximate map f = {/, fb : b G B} :

%? —* "¥ consists of a function / : B —> A and of maps fb : Xf(b) —> Yb, b G B,
such that the following condition is satisfied:

(AM) Whenever b, b' G B, b < b', there exists an a G A, a > f(b), f(b'),

such that (qbb'fb'Pf(b'),a', fbPf(b),a') < st^ for any a' > a .
The approximate map f is called uniform provided f satisfies the additional

condition

(AMU) %m <fb~ln       for beB.

We will now define the basic notion of approximate resolution of a space.

Let ¿P be a collection of spaces. For an approximate map p = {pa : a e A} :

X —> 3f into an approximate system 3f = {Xa, % , Paa', A} we consider the

following conditions:

(RI) For any P G &, T G Cov(P), and mapping / : X -► P there is an
a G A such that for every a' > a there exists a mapping g : Xa> —> P satisfying

(gPa',   f)<T.
(R2) For every P G & and T G Cov(P) there is a ^' e Cov(P) such that

for any a G A and for any two maps g, g' : Xa —> i3, for which (g/?a, g'pa) <

T', there exists an a' > a such that (gpaa" ,  g'Paa") < T for any a" > a'.



COSMIC APPROXIMATE LIMITS AND FIXED POINTS 5

(1.11) Definition. An approximate resolution of a space X is an approximate

map p = {pa : a £ A} : X ^> 3/ of X into an approximate system 3f =

{Xa, fta, paa,, A}, which satisfies conditions (RI) and (R2) for the collection

¿P = POL of all polyhedra (endowed with the CW topology). If ^ is a class
of spaces and all Xa, a G A, belong to fë, we speak of an approximate W-

resolution.

Approximate resolutions can also be characterized by conditions of a different

nature, which are usually easier to verify than conditions (RI) and (R2):

(Bl) (V^ G Cov(X))(3a G A)(W > a)p~}îta, < %',

(B2) (Va G A)(3a' > a)(Va" > fl')/W<(*a<<) C st{pa(X), %).

The following is proved in [MW, Theorem 2.8].

(1.12) Theorem. An approximate map p = {pa: a G A}: X —> 3f - {Xa, % ,

Paa', A} is an approximate resolution of the space X if and only if it satisfies

conditions (Bl) and (B2).

(1.13) Remark. Let X = {Xa,paa>,A} be an inverse system of compact

spaces with an unbounded indexing set A in the usual sense. Let p = {pa :

a G A} : X —► X be an inverse limit. By Remark (1.6), we may assume that

A is cofinite and that 3f = {Xa,fta, Paa', A) is an approximate system as-

sociated with X. Then p : X -> 3f is an approximate resolution by (3.9) of

[Wl]. So any compact Hausdorff space has an approximate APOL-resolution.

Moreover, any space has an approximate APOL-resolution by (3.15) of [Ml].

Here, APOL denotes the collection of all approximate polyhedra (see [Ml]).

For our discussion, we need the following basic lemmas about approximate

resolutions of maps.

(1.14) Lemma. Let q : Y -* ft be an approximate resolution over a cofinite

index set B. Then for each positive integer n, there is an n-refinement function

s.B^B of y (see (7.4) of [MW]) with the property:

(RF1) (qb, qbb<qb>) < %   for any b and any b'> s(b).

By (A3) and (AS), for cofinite B, we can easily show Lemma (1.14).

(1.15) Lemma. Let p : X -> 3f be an approximate resolution and let q : Y —>

ft be an approximate APOL-resolution over a cofinite index set. Then every
map f : X —> Y admits a uniform approximate map f : 3f —> ft such that

(p, q, f) is an approximate resolution of f (see (6.1) of [MW]) and

(*) (fbPf(b), Qbf) <&%   M be B.

Sometimes we say that f: 3/ ^> ft is an approximate resolution of / with

respect to p and q provided (p, q, f) is an approximate resolution of /.

More simply, when p and q are obvious in the paragraph, we say merely that

f : 3f —* ̂ is an approximate resolution of / provided that (p, q, f ) is an

approximate resolution of /.

Proof. By (6.3) of [MW] there exists an approximate map f : 3f -> ^ such

that (p, q, f) is an approximate resolution. By step (21) of the proof of [MW,

(6.3)] one may assume (*).
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To modify f to a uniform h : 3? —> ft, we choose an increasing function

y/ : B —> A such that / < y/ and

(SF)   (pma'Pa'a" ,   Pf(b)a") < /fe~\Ä     for a11 b0 < b and V(b) < a' < a" ,

(U) Pf{lb]a,fb-ln>K'    for any a' > y/(b),

(RF) (pm , Pf(b)a'Pa') <fb~l%   for any a' > y/(b).

Such a shift function y of f exists by (8.4) of [MW], (A3), and (AS). By
Lemma (1.14), there exists a 2-refinement function s : B —> B with (RF1). Let

h = y/s : B -> A and hb = Qbs(b)fs(b)Pfs(b)Vs(b) '■ Xm -> Yb for è G B. Then,
using (SF) and (U), the shift h = {ft, hb : b G 5} : <T -» |r- of f by ^ and
5 is a uniform approximate map by (8.5) and (8.6) (see especially the proof of

(8.6)) of [MW].
We show that h is an approximate resolution of /. Take any b G B. By

(RF1)' and (*),

(1) (fs(b)Pfs(b) >   fs(b)Pfs(b)<i/s{b)P<i/s(b)) < %(b) >

(2) (Qs(b)f.   fs{b)Pfs(b)) < St^(fc).

Since 5 is a 2-refinement function, by (1) and (2)

(3) (Qbs(b)Qs(b)f.   Qbs(b)fs(b)Pfs(b)Vs(b)Py/s(b)) <%■

By (RF1),

(4) (%/>  Qbs(b)Qs(b)f) <%■

By (3) and (4), we have the condition (*). By the same argument in the proof

of (5.5) of [MW], (*) implies (LAM) (see [MW]). Thus h is an approximate
resolution of f. Hence h has the required properties.

(1.16) Lemma. Let f : X -> Y and g : Y —> Z be maps. Let p : X —» 3f,
q : Y —* "y, and r : Z —> 3Z be approximate resolutions. Let f : 3f —> ̂

a«úf g:,y^2' be uniform approximate maps. Let (p, q, f ) and (q, r, g) be

approximate resolutions of f and g with (*) in Lemma (1.15), respectively.

If the index set of 2" is cofinite, then there is a 2-refinement function s for Z

such that s(gf) : 3f —> 2" is a uniform approximate map and (p, r, s(gf)) is

an approximate resolution of gf with (*) in Lemma (1.15).

Proof. By Lemma (1.14), there exists a 2-refinement function s : C —> C for

Z such that

(1) (rc,  rcclrc>) < Wc   for any c' > s(c).

Since C is cofinite, we can assume that 5 : C —> C* (see (1.6) of [MW] for C* )

is increasing. By the proof of (8.2) of [MW], j(gf ) :3t^Z is an approximate

map. Since f, g are uniform and 5 is a 2-refinement function, it is easy to

show that s(gf ) is uniform.

Since f and g have the property (*), for any c G C,

(2) (rS(C)g,  gs(c)Qgs(c)) < st Ws{c),

(3) (Qgs(c)f,   fgs(c)Pfgs(c)) < st^s(c)-
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Since g is uniform, (3) implies

(4) (gs{c)Qgs{c)f>   gs(c)fgs{c)Pfgs{c))<si<^s{c)-

By (2)

(5) (rS(c)gf,  gs{c)Qgs(c)f)<^^(c)-

Since s is a 2-refinement function, by (4) and (5)

(6) (rcs{c)rs(c)gf>   rcs(c)gs(c)fgs(c)Pfgs(c)) < ¿Pc-

By(l)

(7) (rcgf,  rcs(c)rs(c)gf) < Wc.

By (6) and (7)

(8) (rcgf,  rcs(c)gs{c)fgS(c)pfgs(c)) <%\WC.

Inequality (8) means that s(gf ) satisfies (*). Thus by the same argument in

the proof of (5.5) of [MW], (8) implies that s(gf) is an approximate resolution

of gf.

Let / : X -» Y and g : Y -» Z be maps. Let p : X -> 3f, q : Y -* ft, and
r : Z —► J2T be cofinite approximate APOL-resolutions.

(1.17) Corollary. // f : 3f -» ft, g : ̂  - 5", and h : <T -» Z are approxi-
mate resolutions of f, g, and gf, respectively, then [g][f] = [h].

Proof. By Lemma (1.15) there exist uniform approximate maps fi : 3? —> y

and gi : y —> Z with (*) such that (p, q, ix) and (q, r, gi) are approx-

imate resolutions of / and g, respectively. By Lemma (1.16), there exists

a 2-refinement function s for Z such that s(gifi) : 3f -* Z is a uniform

approximate map and (p, r, s(gifi)) is a resolution of gf. Thus, by (7.6) of

[MW], [f] = [fi], [g] = [gi], and [h] = [s(gif,)]. By the definition of composi-
tion, [i(glf,)] = [gi][f,]. Thus [h] = [g][f].

(1.18) Corollary. If f : X ^ Y is a homeomorphism, then [f] : 3f -> ft
is an isomorphism in the category APRO-APOL, (see (8.16) of [MW]) for any

approximate resolution f : 3f —> f< of f.

(1.19) Lemma. Let p = {pa : a e A} : X -» (3f, it) = {Xa, Wa, paa', A}

be an approximate resolution of a space X. Let A — (A, <) be a cofinite,

antisymmetric, infinite, directed set. Then for each % G Cov(.Ya) with % <fta,

there exists an order < in A with the following conditions:

(i)   A* = (A, <) is cofinite, antisymmetric, infinite and directed.

(ii) If a <c a', then a < a'.
(iii) If a<£.a', a' < a", and a ^ a', then a < a" .

There exists an approximate resolution q = {qa : a e A*} : X -> (ft, W) -

{Ya,Wa, qaa', A*} suchthat

(iv) each Ya,Wa, qaa', and qa are Xa,%, paa', and pa, respectively,

(v)   (qa, Qaa'Qa') < % for any a<a'.

Moreover, if in addition, 3f and p are commutative, we can achieve that ft

and q are commutative.

Proof. Since p : X —> (3f, It) is an approximate resolution, (3f, it) satisfies

the conditions (A1)-(A3) and p satisfies the conditions (AS), (RI), and (R2).
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Take any Ta G Cov(ATa). Since A is infinite and directed, by (A2) for (3?, it)
and (AS) for p there exists a function <p : A -» A such that for each a G A ,

(1) <p(a) > a   and   <p(a)^a,

(2) (PaaxPaxai, Paa2) < %   for any a2> ax> <p(a),

(3) (pa , Paa.Pa, ) <°K   for any ax > q>(a).

We define a new order <c in the set A as follows: Let a, a' e A. Then

a<ZLa! provided that (*) a - a' or (**) a ^ a' and q>(a) < a'. Since (A, <)

is cofinite, antisymmetric, infinite, and directed, it is easy, by (1), to show that

A* — (A, <) satisfies the conditions (i)-(iii).

We define (y, W) = {Ya, Wa, qaa', A*} as follows: For each a G A*,

Ya - Xa and Wa = % G Cov(Y"a), and for any a < a', qaai = paa' : Ya> =

Xai -+Yb = Xa.

Claim 1.  (y, W) is an approximate inverse system.

To show Claim 1 we need to show the conditions (Al), (A2), and (A3) for

(y,W). (Al) for (y, W) follows from (2) and (ii). (A2) and (A3) for
(y, W) follows from (A2) and (A3) for (2f, it), respectively.

Let qa = Pa '■ X -* Ya = Xa for each a £ A*. Then q = {qa : a G A*} : X —>
(y, W) satisfies (v) by (3). By definition, (iv) is satisfied.

Claim 2. q : X —> (y, W) is an approximate resolution.

To show Claim 2, we need to show conditions (AS), (RI), and (R2) for q. It

is not difficult to show (AS), (RI), and (R2) for q by (AS), (RI), (R2) for p
and (i)-(iii).

Hence by Claims 1 and 2, q is an approximate resolution. By the definitions

of (y, W) and q, if, in addition 3? and p are commutative, then so are y

and q. Hence this completes the proof of (1.19).

Let [k] be the homotopy class of a map k : X —> Y, and let HTOP and
HANR be the homotopy category of all spaces and of all ANR's, respectively.

(1.20) Lemma. Let p = {pa : a G A} : X -» (3?, it) = {Xa,ita,Paa', A}

be an approximate ANR resolution of a space X. We assume the following

condition that for each a G A,

(i) for any space Y and maps ft, k : Y —» Xa, if (ft, k) < st4 ita, then ft
and k are homotopic,

(ii) (Pa, Paa'Pa') < % M any a' > a.

Then H(p) - {[pa] : a g A} : X -> H(3f) = {Xa, [paa'], A} is a ANR expansion

(seep. 48o/[MS]).

Proof. By (Al) for (3f, it) and (i), [paa"] = \Paa'\\Pa'a"\ for a < a! < a".

Thus 11(3?) is an inverse system in HANR. Moreover, by (i) and (ii), [pa] =

[Paa'][Pa'] for a < a!. Thus h(p) : X -* H(3f) is a system map. We need to

show that
Claim 1. H(p) satisfies the conditions (El) and (E2) for ANR's (see p. 48

of [MS]).
By [Ml] and Theorem 2 of p. 10 of [MS] we have an ANR-resolution q =

{qb : b G B} : X -» ft = {Yb , qbb,, B) of X such that

( 1 ) B is cofinite, antisymmetric, infinite, and directed,
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(2) each Yb is an ANR.

By (3.7) of [Wl], there exists an approximate resolution r = {rc:cGC}:X—>

(31 ,!V) = {RC,TC, rcc,, C} such that

(3) C is cofinite, antisymmetric, infinite, and directed,

(4) (31, T) and r are commutative,

(5) each Rc is some Yb.

By (4) and (2), each Rc is an ANR. So there exists a Wc G Cov(Rc) such that

for each c G C,

(6) WC<TC,

for any space Y and any maps h, k : Y —> Rc ,
(1)

if (ft, k) < st Wc, then ft and /: are homotopic.

By Lemma (1.19), there exists an approximate resolution s = {sd : d G D) :

X -* (Z, JÍ) = {Zd, 3td, sdd', D) such that

(8) D is cofinite, antisymmetric, infinite, and directed,

(9) (Z, 3t) and s are commutative,

(10) each Zd and 3td are some Yc and Wc, respectively.

Since s is an approximate resolution, it satisfies the conditions (RI) and (R2)

for ANR's. Then, by (9), s : X —► Z = {Zd, sdd,, D) satisfies the conditions
(RI) and (R2) for ANR's in the sense of [MS]. Thus, by (2), (5), and (9),
s : X -* Z is an ANR-resolution. Hence by Theorem 2 of p. 75 of [MS],

H(s) = {[sd] :d €D}:X -> H(Z) = {Zd, [sdd,], D} is an HANR-expansion,
i.e.,

(11) H(s) : X -> H(Z) satisfies the conditions (El) and (E2) for ANR's.

Since p : X —> (3?, it) and s : X —► (Z, 3t) are approximate resolutions

with cofinite index sets, by Lemma (1.15) we have uniform approximate maps

l={f,fd:dED}:(3?,it)^(Z,3t) and g = {g, ga : a G A} : (Z, JT) ->
(3?, it) such that (p, s, f ) and (s, p, g) are approximate resolutions of lx ,
i.e.,

(12) (fdPf(d),sdlx)<st^d    fordeD,

(13) (gaSg(a),Pa^x)<^K    for a G A,

(14) gäxK>^g{a)   ioxaeA.

Since f is an approximate map, for each d < d' there exists an a G A with

a > f(d), f(d') such that

(15) (fdPf(d)a > Sdd<fd'Pf(d')a) < Stc^rf.

By (10), Zd = YC and 3td = Wc for some c e C. By (7) and (15)

(16) [fd][Pf(d)a] = [Sdd'][fd'][Pf(d')al
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Equality (16) means that //(f) = {/, [fd] : d e D} : H(3?) -> H(Z) is a
morphism of inverse systems in HANR. Similarly, /7(g) : H(Z) —> H(3f) is

also.

Claim 2. H(g)H(i) ~ lW(jr) and /7(f )/7(g) ~ l„m .
By (7), (12), and (13),

(IV) [fd][Pf(d)] = [Sd]   ford ED,

(18) [ga][Sg(a)] = [Pa]     for a G A.

For each d £ D, there exists a d' £ D such that d' > d, gf(d). By (17) and

(18), [sdd'][Sd'] = [Sd] = [fd][Pf(d)] = [fd][gf(d)][Sgf(d)] = [fd][gf(d)][Sgf(d)d'][Sd'l
Since /7(s) satisfies (E2) by (11), there exists a d" > d' such that

(19) [Sdd"] = [fd][gf(d)][sgf(d)d'][Sd'd"l

This means that /7(f )//(g) ~ \h(Z) ■

Now, take any a G A. By (12) and (14), (fg{a)Pfg(a), sg{a)) < st^(fl) <

g-\%\ita). Thus

(20) (gafg(a)Pfg{a) > £«■%(*)) < St%.

Since (gafg(a))~X(^a G Cov(A^(a)), by (AS) for p there exists an ax > fg(a)

such that (Pfg{a), Pfg(a)a'Pa') < (gafg{a))~l^a for any a' > ax . Then

(21 ) (gafg(a)Pfg(a) , gafg(a)Pfg(a)a'Pa' ) < %     for any a' > ax.

By (AS) for p, there exists an a2 > a , ax such that

(22) (pa, Paa'Pa1) < %a   for a' > a2.

By (21) for a' = a2 and (20), (13), and (22) for a' = a2,

(23) (gafg(a)Pfg{a)a2Pa2 > Paa2Pa2) < St   %.

Since p : X —► (^, ^) is an approximate ANR-resolution, by (1.12) it satisfies

the conditions (Bl) and (B2). By (2.14) of [MW], it satisfies (R3) for ANR's.
By (R3) for p and (23) there exists an a3 > a2 such that

(24) (gafg(a)Pfg(a)a2Pa2Pai , Paa2Pa2a, ) < St4 Íta.

By (i) and (24)

(25) [ga][fg(a)][Pfg(a)a}] = \Paa,l

This means that /7(g)//(f) ~ \h(SC) ■ Hence we have Claim 2.

Now, we show Claim 1. First, we consider the condition (El). Take any map

ft : X -> P into an ANR. Since //(s) satisfies (El) by (11), there exist adeö

and a map k :Zd —> P such that

(26) [ft] = [ksd].

By (17) and (26), [ft] = [kfd][pf{d)]. This means that //(p) satisfies (El) for
ANR's.

Next, we consider the condition (E2) for ANR's. Take any a £ A and any

maps ft, k : Xa —► P into an ANR P such that

(27) [hPa] = [kpal
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By (18) and (27),

(28) [hgaSg(a)] = [kgaSg(a)]-

Since 77(s) satisfies (E2) for ANR's by (11), by (28) there exists a dx > g (a)
such that

(29) [hgaSg{a)dl ] = [kgaSg(a)dt ]■

By (16) for dx > g(a), there exists an a0> a3, f(dx) such that

(30) [fg(a)Pfg(a)a0] = [Sg(a)dxfdiPf(d,)a0\-

Since

[Paa0] = [Paa)][Pa,ao] = [gafg{a)Pfg(a)a}][Pa,ao]

= [ga][fg(a)Pfg(a)a0] = [ga\[S g(a)dJdxP f(dx)a0]

by (25) and (30),

(31) [Paa„] = [gaSg(a)dlfdlPf{di)a0]-

By (29) and (31), [hpaao] = [hgaSg(a)dMfdxPf(di)a0\ = [kgaSg{a)d1][fdlPf(dl)a0] =

[kPaa0] , i-e-,

(32) [hpaa0] = [kpaaA.

(32) means that /7(s) satisfies (E2). Thus we have Claim 1 and hence we have

completed the proof.

2. Approximate nearness of system maps

Let (3f, it) = {Xa,ita,paa', A) and (y, T) = {Yb, Tb, qw , B} be ap-

proximate inverse systems with cofinite directed sets. Let f = {f, fb ; b £ B} ,

g = {g > gb '• b G B) : (3?, it) —► (y, T) be approximate maps. We consider

approximate nearness as follows:

(AN) For each b £ B , there exist a bo > b and an a0 > f(bo) > g(^o) with

the property: for each a > üq there exist an x g Xa and a V G T"b such that

<lbb0fb0Pf(b0)a(x) »   Qbb08b0Pg(b0)a(x) ^ V ■

(2.1) Lemma. Let f = {/', f'b : b £ B}, g' = {g', g'b : b £ B} : (3f ,it) ->
(y, 'V) be approximate maps. Let f ~ f and g ~ g'. If f and g satisfy

condition (AN), then so do f and g'.

Proof. Since f ~ f and g ~ g', by (7.8) of [MW] there exist positive inte-

gers n, m with the following properties: For each b £ B there exists a >

f(b),f'(b),g(b),g'(b) suchthat

( 1 ) (fbPf(b)a' ,   fbPf'(b)a' )<&"%,

(2) (gbPg(b)a' ,   g'bPg'(b)a') < StW Tb

for each a! > a .
Take any b £ B . By (A3) there exists a bx > b such that

(3) %,!^>st"+m+2^,    foranyè'^.

There exist a b2 > bx and an ax > f(b2), g(b2) satisfying condition (AN) for

f, g, and bx.
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By (AM), there exists an a2 > f(bx), f(b2), ax, g(bx), g(b2) such that

(4) (Qbxb2fb2Pf{b2)a' ,   fb,Pf(b,)a') < St 2^ ,

(5) (Qblb2gb2Pg(b2)a' ,   gb,Pg(b,)a') < St%,

for any a! > a2.
By (1) and (2), there exists an a-¡ > a2, f'(bx), g'(bx) such that

(6) ifb,Pf(bx)a' ,   fb\Pf'(b\)a') < St" %x ,

(7) (gb,Pg(b,)a',   g'b]Pg'(bi)a')<StmTbl

for any a' > a-i.
Take any a' > a$. By the choice of ax and b2 , there exist an x £ Xa< and

a V0 £ 2% such that

(8) Qbxb2fb2Pf(b2)a'(x),   qb¡b2gb2Pg{b2)a'(x) ^ V(S-

By (4) and (5), there exist VX,V2£ st^g, such that

(9) Qbib2fb2Pf(b2)a'(x),   fblPf(bi)a'(x)£Vx,

(10) Qb,b2gb2Pg(b2)a'(x),   gbxPg(b{)a'(x)&V2.

By (6) and (7), there exist a V3 £ st" 2% and a F4 G stm 2% such that

(H) fbtPfWa'ix),   fbiPf'(bl)a'(x)eVi,

(12) gbxPg(h)a'{x),   g'blPg'(bi)a'(x)£V4.

By (11), (9), (8), (10), and (12), there exists a V5 g st"+m+2 2% such that

( 13) fb\Pf'{b,)a'(x),  g'bKPg'{h)a'(x) £ V3 U Vx U F0 U F2 U V4 C K5.

By (3), there exists a F6 g 2^ such that #¿"e¡ V6 d V5. Then, by (13), we have

that

(14) QbbJb\Pf'(bx)a'(x),  Qbbig'blPg'(b,)a'(x)£V6.

(14) means that f and g' satisfy property (AN).

(2.2) Lemma. Let f, g : (3?, ^) —► (J*', 2^) èé- approximate maps, f azzt/ g

satisfy property (AN) z/am/ o/z/y if they satisfy the following condition:

(AN1) There exists an integer k > 0 having the property: for any b £ B

there exist an a > f(b), g(b) such that for any a' > a there exist an x g Xa>

anda V £%XkTb with fbPf{b)a'(x),  gbPg(b)a'(x) £ V.

Proof. (AN) =>■ (AN1). Take any b £ B. By (AN), there exist a b0 > b and
an a0 > f(bo) > g(bo) satisfying property (AN). By (AM) of (1.10) there exists

an ax > oq, f(b), g(b) such that

( 1 ) (Qbbofb0Pf(bo)a' ,   fbPf(b)a' ) < St % ,

(2) (dbb0gb0Pg(bo)a' ,   gbPg(b)a') < St 2^

for any a' > ax .
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Take any a' > ax. By the choices of «o and bo, there exist an x G Xa' and

a Vo £ % such that

(3) Qbbofb0Pf(b0)a'(x),   Qbb0gboPg(b0)a'(x)^V0.

By (1) and (2), there exist Vx, V2£%\% such that

(4) dbbofboPf(b0)a'(x),   fbPf(b)a'(x)£Vx,

(5) QbbogboPg(bo)a'(x),   gbPg(b)a'(x)£V2.

By (4), (3), and (5), there exists a F3 g st2 Tb such that fbPf{b]a> (x), gbpg{b)a' (x)

G Vx U K0 U V2 c F3. Therefore, f and g satisfy property (AN1) for k = 2.
(AN1) => (AN). By assumption, there exists an integer k > 0 having the

property (AN1). Take any b £ B . By (A3) there exist a b0 > b such that

(6) qb-b\%>^k%'    for any b'>b0.

By the choice of k, there exists an ao > f(bo), g (bo) with the property: for

any a' > ao there exist an x G Xa' and a V0 £ stk 2^0 such that

(7) fboPf(b0)a'(x),   gb0Pg(b0)a'(x)£V0.

By (6) there exists a Vx £% such that ^F, D V0 . Thus, by (7),

(8) Qbb0fb0Pf(b0)a'(x),   Qbb0gb0Pg(bç,)a'{x) ^Vx.

This means that f and g satisfy (AN).

(2.3)   Lemma. Condition (AN) is equivalent to the following

(AN2) For each b £ B and each W g Cov(Y¿), there exist a b0> b and an

ao > f(bo), g(bo) with the property: for each a' > ao there exist an x £ Xa<

anda V g T such that qbbJbaPf(b0)a'(x), qbb0gb0Pg(b0)a'(x) £ V.

Proof. Clearly (AN2) implies (AN). We show that (AN) implies (AN2). Take
any b G B and any T G Cov(yé). Take a W £ Cov(Y6) such that

(1) st2^'<2^.

By (A2) there exists a bx > b such that

(2) (qbb'Qb'b" , Qbb") < y   for any b" > b' > bx.

By (A3) there exists a b2> bx such that

(3) Qbb'^'>^b'    for any b'> b2.

By (AN) there exist a ft3 > b2 and an a0 > /(ft3), g(b^) with the property:

for any a' > ao there exist an x £ Xa' and a V0 G 2^2 such that

(4) Qb2bJhPf(h)a'(x),   Qb2b}gb}Pg(bi)a'(x)£Vo.

By (3), there exists a Vx £ T' such that qbb\Vx D V0. Thus, by (4), we have

that

(5) Qbb^^bjfbiPfib^a'ix) ,   Qbb^b^gb^Pg^a'ix) G Vx.

By (2) there exist V2, V3 £ T1 such that

(6) <lbb2Qb2bJb^Pf(b^)a'(x),   <lbb,fb,Pf{b,)a'(x) £ V2 ,
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(7) qbb2qb2b,gbiPg{bj)a'(x),   Qbb,gb,Pg(b])a'(x) G F3.

By (6), (5), (7), and (1), there exists a V g T such that

(8) QbbJhPf(b,)a'(x), qbb}gb}Pg(b})a'(x) £V2UVXUV3C st(F,, T') c V.

This means that f and g satisfy property (AN2).

(2.4) Lemma. Let f, g : (3?, it) -» (y ,'V) and h = {ft, hc : c g C} :
(^» 2H -» (-2*, 3T) = {Zc,Wc,rcc,, C} fté- approximate maps. Let h fte
uniform. If f anúf g satisfy property (AN1), then s(hf ), s(hg) : (3?, it) -*
(y, 2^") satisfy (AN) _/br some 2-refinement function s of (Z, W).

Proof. Since f and g satisfy property (AN1), there exists an integer k > 0

having the property (AN1). Let s : C -> C be a (fc + 2)-refinement function

for (Z, ^"). Take any c £ C. There exists an a0 > fhs(c), ghs(c) such that

for any a' > ao there exist an x £ Xa> and a F g stfc 2^j((;.) with

(1) fhs(c)Pfhs(c)a'(x),   ghs(c)Pghs(c)a'(x) £ V.

Since h is uniform, h~,\(Ws^) > %iS(C) ■ Thus

(2) h-lc)(stkW¡(c))>stkns{c).

Since 5 is a (k + 2)-refinement,

(3) r-\{c)(Wc) > st*+2 Ws(c) > st* Ws{c).

By (1), (2), and (3), there exists a W £ Wc such that

(4) rcs(c)hs(c)fhs(c)Pfhs(c)a'(x),   ^cs(c)hs(c)ghs(c)Pghs(c)a'(x) G W7.

This means that j(hf) and s(hg) satisfy condition (AN).

Now, by Lemma (2.1), we can say that [f] and [g] satisfy property (AN)

provided any/some representatives f and g satisfy property (AN). By Lemmas

(2.1), (2.2), and (2.4), we can easily show that

(2.5) Corollary. Let f,%:(3f,it)^(y,<V) and h : (y, T) -> (Z, W)
be approximate maps. If [f] and [g] satisfy property (AN), then so do [h][f]

and [h][g].

(2.6) Lemma. Let k = {k, ka : a £ A) : (Z, W) -» (3f, it) and f, g :
(3?, it) —* (y, T) be approximate system maps. Let f and g be uniform.

Let s : B —> B be a 2-refinement function for (y, 'V). If .s(fk) and s(gk)

satisfy property (AN), then so do f and g.

Proof. Take any b £ B and a 2*" G Cov(7¿) such that

(1) st22^<2^.

By (A2) there exists a bx > b such that

(2) (dbb'lb'b" ,  Qbb") <tr

for any b" > b' > bx . By (2.2) there exists an integer n > 0 having the property

in (AN1) for s(fk) and s(gk). By (A3), there exists a b2> bx such that

(3) q-b]'T>st"+2n,
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for any b' > b2. Take an ax > fs(b2), gs(b2) and any a' > ax. By (AM)
there exists a cx > kfs(b2), k(a'), kgs(b2) suchthat

(4) (Pfs(b2)a'ka'rk{a')c' .   fys(&2)'V.s(62)c') < St Ítfs(h2),

(5) (Pgs(b2)a'ka'rk(a')c> >   kgs(blfkgs(bl)ci) < St^tgs(b2)

for any c' > cx.

Since f and g are uniform, we have fs~~{b\fâ(b2) > %fs(b2) and g¿2)2^(¿2) >

Ítgs(bl). Thus, by (3), (4), and (5),

(6) (dbs(b2)fs(b2)Pfs(b2)a'ka'l'k(a')c',   Qbs^fslb^kfs^fkfsihy) <^'»

(7) (Qbs(b2)gs(b2)Pgs(b2)a'ka'rk(a')c' ,   Qbs{b2)gs(bs)kgS(b2)rkgs{b2)c') < ^

for any c' > cx .
By the choice of n, there exists a c2 > cx satisfying property (AN1) for

s(fk), s(gk), and b2. Take any c' > c2. By the choice of c2, there exists a

z g Zc- and a Vx £ st" 2%, such that

(8) Qb2s(b2)fs(b2)kfs(b2)rkfs(b2)c'(z),   Qb2s{b2)gs{b2)kgs(b2)rkgs{b2)c'(z) £ ^l-

By (3) and (8), there exists a V2£W such that qbb2(v\) c K2, i.e.,

(9) Qbb2Qb2s(b2)fs(b2)kfs(b2)rkfs(b2)c'(z),   Qbb2Qb2s(b2)gs(b2)kgS(b2)rkgs(b2)c'(z) £ K2.

By (2) for s(¿>2) > b2> b, there exist F3, F4ë7 such that

(10) Qbb2<Ib2s(b2)fs(b2)kfs(b2)''kfs(b2)c'(z),   Qbs(b2)fs(b2)kfs(b2)rkfs(b2)c'(z) € K3 ,

(11) Qbb2Qb2s(b2)gs(b2)kgs(b2)rkgs(b2)c'(z),   Qbs(b2)gs(b2)kgS(b2)rkgs(b2)c'(z) € V*-

By (6) and (7), there exist V5, Vk£W such that

(12) Qbs(b2)fs(b2)Pfs(b2)a'ka'rk(a')c'(z),   Qbs(b2)fs(b2)kfs(b2fkfs(b2)c'(z)^ V5 ,

(13) 1bs(b2)gs(b2)Pgs(b2)a'ka'rk(a')c'(z),   Qbs(b2)gs(b2)kgs(b2)rkgs(b2)c'(z) £ Vf>-

By (12), (10), (9), (11), (13), and (1), there exists a V e T¿ such that

(14) Qbs(b2)fs(b2)Pfs(b2)a'(x),   Qbs(b2)gs(b2)Pgs{b2)a'(x) £ V.

Here x = kair^a')c'(z) e %c' ■ Thus, (14) means that indices ax and s(b2)

satisfy (AN) for f, g, and b. Hence f and g satisfy (AN).

(2.7) Corollary. Let f, g : (3? ,it) -» (y ,'V) and k : (Z ,W) ^ (3f ,it)
be approximate maps. If [f][k] and [g][k] satisfy condition (AN), then so do [f]

and [g].

3. Approximate coincidence point

Let 2/" G Cov(T). A point x £ X is said to be a "V-coincidence point of /

and g provided f(x), g(x) £ V for some V G 2^. A point x £ X is said

to be a y-fixed point of / provided x, f(x) £ V for some Fef. Let

p = {i)fl:a6/l}:I^(f,^) and q = {qb : b G B} : Y -» (f, 2H be
approximate polyhedral resolutions with cofinite directed sets. Let /, g : X —►

y be maps. Let f, g : (3?, it) -* (y, "V) be approximate resolutions of /

and g with respect to p and q, respectively.
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(3.1)   Lemma, f and g satisfy condition (AN) if and only if f and g have a

2^-coincidence point for each y g Cov(7).

Proof. First, we assume that f and g satisfy condition (AN). Take any 2r G

Cov(T). By (Bl), there exists a b G B such that

(i) Qbin<^.

Take af'e Cov(y6) such that

(2) st2^'<2^.

By Lemma (2.2) there exist an integer k > 0 and an ao > f(b), g(b) satisfying

(AN1) for b £ B. By (A3) and (AS), there exists a bx > b such that

(3) q^T'>%\MTh,    for any b'> bx,

(4) (Qbb'Qb', Qb) < ^'   for any V > bx.

By (AS) and (A2), there exists an ax > a0 such that

(5) (Pf(bt)a'Pa' ,   Pf(bl)) < fb\X%, ,

(6) (Pg(bt)a'Pa',   Pg(bl)) < gbll%t

for any a' > ax,

(7) (Pf(b,)a'Pa'a" ,   Pf(bt)a") < fb~ %, ,

(8) (Pg(bx)a'Pa'a" >   Pg(bx)a") < gb~ %i

for a" > a' > ax.
Let W = (fbxPf(bi)aXl^b^(gbxPg{bx)airl^bl G Cov(*fll). By (B2), there

exists an a2> ax such that

(9) Paia'(Xa,)Cst(pai(X),W)   for any a' > a2.

By the choice of ao , there exist a point z £ Xa2 and a K) G st* 2^, such that

(10) fbxPf(bx)a2(z)>   gbxPg(bx)a2(z) G K0.

By (9), Aj,a2(z) G st(/7a,(X), 2T). Thus, there exist VX,V2£ Tbl  and a point

x G X such that

(11) Pata2(z),   Pal(x)£(fb]Pf(b])al)~l(Vl)n(gbiPg(bi)aXl(V2)-

By (11),

(12) fhPfibtfaPa^iz) ,   fbiPf(bi)a[Pax(x)£Vx,

(13) gbiPg(bl)a¡Pa{a2(z),   gb,Pg(b,)a,Pa](x) G K2.

By (5) and (6), there exist K3, K4 G 2^ such that

(14) fb,Pf(bx)a{Pa,(x),   /*,/>/(*,)(■*) G K3,

(15) a./toéOfliAiiC*). a.p^jW e K4.
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By (7) and (8), there exist K5, K6 g Tbx such that

(16) fbxPf{bx\axPaxa.2(z),   fbxPf(bx)a2(z) G K5 ,

(17) gb,Pg{bOa,Paxa2(z),   gb,Pg(bx)a2{z) € K6.

Since f and g are approximate resolutions of / and g, respectively, by Lemma

(1.15), Lemma (2.1), and (7.6) of [MW] we can assume

(18) (qbJ, fblPf{bl)) < st2V

(19) (qbig, gbtPg(bl))<&%rbr

By (18) and (19), there exist K7, K8 g st 2^, such that

(20) qbJ(x), fbxPf(b,)(x) £ V1,

(21) Qblg(x), g^Pgwix) G K8.

By (20), (14), (12), (16), (10), (17), (13), (15), and (21) there exists a V £
stfc+3 "Vhx such that

(22) qbJ(x),  qbxg(x)£V.

By (3), there exists a K/ g 2^' such that

(23) qbblqbj(x), qbbtQblg(x) £ V{.

By (4), there exist V{, K,' G V such that

(24) Qbb{QbJ(x),  qbf(x)£ V{,

(25) QbbíQb¡g(x),  Qbg(x)£ V{.

By (24), (23), and (25),

(26) qbf(x),  qbg(x)£st(V{,T').

By (1) and (2), there exist V £ Tb' and K G W such that %\(V[,!V') c K'

and ïj-'K'cK. Thus by (26),

(27) f(x),  g(x)£V.

This means that x is a 2^-coincidence point for / and g .

Next, we assume that / and g have a 2r-coincidence point for any 2^ G

Cov(y). Take any b £ B . By the assumption, there exist a point x £ X and

aVx£Tb such that /(*),  g(x) £ q~l Vx , i.e.,

(28) qbf(x),  qbg(x)£Vx.

Since f and g are approximate resolutions, by Lemma (1.15), Lemma (2.1),

and (7.6) of [MW] we may assume (18) and (19) for any bx £ B. Thus, there

exist K2, K3 G st2^ such that

(29) qbf(x), fbPm(x)£V2,

(30) Qbg(x),  gbpg(b)(x)£ K3.
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By (AS) for p there exists an ao > f(b), g(b) such that

(31) (Pf(b)a'Pa' ,   Pf(b)) <fb~l^b,

(32) (Pg(b)a'Pa' ,   Pg(b)) <gbl%

for any a' > üq.
Take any a' > ao . By (31) and (32), there exist K4, K5 g "Vb such that

(33) fbPf(b)a'Pa'(x),   fbPf(b)(x) £ K4,

(34) gbPg(b)a'Pa'(x),   gbPg(b)(x)£V5.

We put z = pa.(x) £ Xa'. By (33), (29), (28), (30), and (34), there exists a

K G st42^ such that fbPf(b)a'(z), gbPg(b)a'iz) e v ■ Thus, f and g satisfy
condition (AN1). Hence, by Lemma (2.2), they satisfy (AN).

(3.2) Corollary. f : X ^ X has a T-fixed point for any T £ Cov(X) if and
only if any/some approximate resolution f : (3?, it) —> (3?, it) of f satisfies

the following condition:
(AFP) For any a £ A there exist ao > a, ax > ao, f(ao) such that Paa^Pa^a'

and PaaofaoPf(aQ)a' have a ita-coincidence point for any a' > ax .

4. Cosmicality

An approximate map f : 3f —> y is cosmic provided it satisfies the following

condition:

(AMC) (VZ,)(3è° > b){3a° > f{bo)m' > ûo)(VA : Xa' "* ̂

(3x G Xa')(3V £ %)    qbboh(x),  qhb0fb0Pf(b0)a'(x) £ V.

(4.1) Lemma. Let f, g : 3? —> y and f ~ g. If f satisfies (AMC), ift^n so
does g.

Proo/. Since f ~ g, by Lemma (7.8) of [MW] there exists an integer k > 0
with the property:

For each  b £ B  there exists an a > f(b), g(b)  such that

(fbPf(b)a',  gbPg(b)a') < stfc % for any a' > a .

Take any b £ B and af € Cov(Y¿) such that

(2) st2 T < %.

By (A2) and (A3), there exists a bx > b such that

(3) (Qbb'Qb'b", Qbb")<T'   for any b" > ft' > bx,

(4) q~b! 2^ > st* 2^    for any ft' > ft,.

Since f satisfies (AMC), there exist a b2 > bx and an ax > f(bx) with the

property:

,,.        For any a' > ax and any map ft : Xa' -» 1% there exist an x G

( J        X,,- anda K g 2^ suchthat qhblh(x), qb^fhPnb^a'W £ V.

By (1) there exists an a2 > f(b2),  g(ft2) such that

(6) (fb2Pf(b2)a' ,   gb2Pg(b2)a') < St* 2%

for any a! > a2.
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Take an <z3 > ax,  a2. Take any a' > ¿z3 and any map ft : Xa< -» Ybl. By

(5), there exist an x G Xa< and a Vx g 2^ such that

(7) qbMh(x),  qbxb2fb2Pf(b2)a'(x)£Vx.

Since (qb^Qb.h , Qbb2) < 2^" by (3), we have

(8) (<lbb,<Ibxb2h, <lbb2h)<T',

(9) (Qbb,%b2fb2Pf(b2)a' ,   Qbb2fb2Pf(b2)a')<T-

By (8) and (9), there exist K2,   K3 G 2^" such that

(10) Qbb^bMx), Qbblh(x)£V2,

(11) <7«>,dbxb2fb2Pf{b2)a' (x),   dbb2fb2Pf{b2)a'(x) £ K3.

Since (qbbJblPf{bl)a', Qbb2gb2Pg(b2)a') < 2^" by (4) and (6), there exists a K4 G T

such that

(12) Qbb2fb2Pf(b2)a'{x),   Qbb2gb2Pg(b2)a'(x)£V4.

Since ^¡2^ > st* Tbl > Th by (4), there exists a K5 g T such that #¿~fc¡ K5 d

K . By (7) we have

(13) QbbxQb,b2h(x),  Qbbi%b2fb2Pf(b2)a'(x)£V5.

By (10), (13), (11), (12), and (2), there exists a K G % such that

(14) Qbb2h(x),  qbblgblPg{bl)a'(x) £ V2 U K5 U K3 U K4 c V.

This means that g satisfies (AMC).

By Lemma (4.1) we say that [f] has property (AMC) provided f has property

(AMC).

(4.2) Lemma. Leti:3f ->y, g : J'' -» Z, and h: Z -> J?' fte approximate
maps. Let [g][h] = [lj^-J. //" [f] satisfies (AMC), ifte« 50 ¿foes [g][f].

Proof. By (8.6) of [MW] and Lemma (4.1) we may assume that f, g, and

h are uniform. Let 5 : C —> C be a 2-refinement function of Z. Since

Wz\ = [g][h] = [s(gh)], by Lemma (7.8) of [MW], there exists an integer k > 0

with the property: for each c £ C there exists a d > s(c), hgs(c) such that

(1) (fee",   rc,s{c)gs{c)hgs(c)rhgs(c),c") < St   Wc

for any c" > c'.
Take any c G C and any W £ Cov(Zc) such that

(2) st2 W <WC.

By (A2) and (A3), there exists a cx > c such that

(3) r~} W > st*+2 Wd    for any c' > cx,

(4) (fcc'^c'c" ,  rccn)<W   for any c" > c' > cx.

By (1), there exists a c2 > s(ci), ftgs(ci) such that

(5) (rClC',  rCl ,í(c1)&(cl)Aíi(c.)rAíi(Cl),c') < st* arç,    for any c' > c2.
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Since f satisfies (AMC), there exist a bx > gs(cx) and an ax > f(bx) satisfying
the condition (AMC) for f and gs(cx). By (AM) there exists a c3 > ft(fti), c2

such that

(6) (qgs(cO,biKrh(bi),c , hgs{Cl)rhgs{c¡hc,) < st Tgs{Ci)   for any c' > c3.

By (AM), there exists an a2 > f(bx), fgs(cx) such that

(7) (qgs(c,),bJbxPf(bx),a', fgs(cl)Pfgs(ci),a')<st3/gs(cl)       for any a'> a2.

By (AM) for s(gf), there exists an a3 > a2 , fgs(c^) such that

(8) (>,c1C3rC3,j(c3)&(c3)/*i(c3)/,/*i(c3),a' >   rcx ,i(c, )gs(ct )fgs(cl)Pfgs{c1 ), a' ) < St WCx

for any a' > a3.

We show that s(gf) satisfies (AMC), i.e., indices <z3 and c3 are the required

ones. To do so, take any a' > a3 and any map a : Xa> -» ZCi. By the choice of

ax, there exist a point x G Xa< and a K0 G 2^J(Cl) such that

(9) Qgs{Cihblfb¡pf{bl)al(x), qgS{cx),bfïbjh{bx)^a(x)£Vo.

Since g is uniform, there exists a JKo G WCl such that gJ^^L^JKo) 3 K) ■

Then, by (9),

(10)
I'd ^(crigsiatfgsia) .btfhPAbi) ,a'(x) ,   rcl,s(ci)gs(cl)Qgs(cl),bíhblrh(bí),c1a(x) £ Wq.

Since g is uniform and 5 is a 2-refinement function, (5), (6), and (7) imply

that

(11) (rCiC3Q>   rcls(c[)gs(c^)hgs(cx)rhgs(ci),cia) < St   3^,,

(12) ('•C|í(c1)&(cl)9íi(cl),61Ai,1rA(¿1)jc30!,  rC|í(Co&(c,Aí(ci),V(ci),c3Q) < ^> >

(13) (rC| ,s(ci)gs(.Ci)Qgs{ci),bxfblPf(bx)a' .   rc, ,i(c,)&(<:i)/^(ci)^/^(q),a') < ^i •

By (11), (12), (10), and (13), there exists a Wx e st*+2^,  such that

(14) rClC3a(x),  rCiS{Cí)gs{Cl)fgs{Cí)pfgs{Ct)a'(x) £ st (st( W0, 2^, ), st* WCx ) C Wx.

By (3) and (14), there exists a W2£W such that

(15) z-cc,rC|C3a(x),  z-CClrClJ(Cl)&(Cl)/?i(Cl)/7/iî(Cl)>a,(x) G rCCl(Wx) c W2.

By (4) there exist Wi,W4£W such that

(16) rCCtrc^a(x),  rCC2a(x) £ W3,

,. ^ rcc\ rc,c}fc¡,s(c3)gs{c})Jgs(c})Pfgs(Ci),a' (x) ,

>'cci''ci,s(ci)gs(ci)fgs(ci)Pfgs(c-i),al{x) £ 1K4.

By (8) and (3), there exists a W5 g W such that

, . R, rcC, rciC,rc} ,s(ci)gs(C})Jgs(C})Pfgs(c3),a' (X) ,

rcc,'"ci)í(ci)&(C|)/^(cl)JP/íi(ci),a'(^) € ^5-

By (16), (15), (17), (18), and (2), there exists a W6 £ Wc such that

, jgx rCCí',Í3 ,S{C3)gs{Ci)fgs(c3)Pfgs{c}),a' W >

1    j rCCja(x) G *K4 U PK3 C st(st(W2,W), st2T ) C W6.

This means that s(gf) satisfies (AMC). Hence [s(gf)] = [g][f] has (AMC).

The proof of the next lemma is similar to the proof of Lemma (4.2).
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(4.3) Lemma. Let f : 3? - y, g : y -> 5*. and u = {m, wa : a G .4} : y —
¿2* fte approximate maps. Let [fj[u] = [ly]. //" [g] ftas (AMC), íftezz so í/oes
[g][fj-

(4.4) Lemma. Let i : 3f ^> y and g : y ^ Z be approximate maps.  If

[g][f] satisfies (AMC), then so does [g].

Proof. We may assume that f and g are uniform. Let w : C —> C be a

2-refinement function for Z. Take any c £ C and a W £ Cov(Zc) such that

(1) %\}W <WC.

By (A2) and (A3), there exists a cx > c such that

(2) (rccn , rccirciC'i) < W   for any c" > c' > cx,

(3) r~¿W>Wc,   for any ¿>cl.

By the assumption, w(gf) satisfies (AMC). Then, there exist indices c2 > cx

and ax > fgw(c2) satisfying the condition (AMC) for w(gf) and cx.

We show that g satisfies (AMC), i.e., we show the indices w(c2) > c and

gw(c2) > gw(c2) satisfy the condition (AMC) for g and c. Take any ft' >

gw(c2) and any map a:Yb* —► ZW(C2). By (AM) for f, there exists an a2> ax,

/(ft') such that

(4) (fgw(c2)Pfgw(c2)a' > qgw(c2),b'fb'Pf(b')a')<stTgw(c2)   for any a'> ¿z2.

By the choice of ax and c2, there exist a point x G Xai and a Wx £WCs such

that

(5) '■c|C2rc2w(c2)^«)(c2)/g«)(c2)/'/gu)(c2)a2(-:,í:)'   rc¡c2rC2w(c2)(xfb'Pf(b')a2(x) G 1^.

By (5) and (3), there exists a W2£W such that

r«i rcic2rc2w(c2)gw(c2)Jgw{c2)Pfgw(c2)a2 (x),

rccJcc^wic^fb'PfibnaAx) £ rCCi(Wx) c W2.

By (2),

(7) (fcc2fc2w(c2),   rcw(c2)) < ^,

(8) (rcci/c1C2rc2u;(c2) j   '■«^wto)) < 3T-

By (8), there exist JK3, fK4 G 3T such that

.   . rcc, rCiC2rc2w(c2)gw{c2)Jgw{c2)Pfgw{c2)a2 (x) ,

fcc2rc2w{c2)gw(c2)Jgw(c2)Pfgw(c2)a2\X) £ "3 ,

(10) rccJdc2rC2w(c2)Oi-fb'Pf(b')a2(x),   rcc2rC2w(c2)<xfb'Pf{b')a2(x) G 1K4.

By (7), there exist 1K5, 1K6 g 3T such that

. rcc2rc2w(c2)gw(c2)Jgw(c2)Pfgw(c2)a2\X),

rcw(c2)gw(c2)Jgw{c2)Pfgw{c2)a2\X) G rr¡ ,

(12) rcc2rC2w(c2)<xfb'Pf{b')a2(x),  rcw(C2-¡afblpf{bl)a2(x) £ W6.

(6)
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Since g is uniform, by (3) g'^/^^ > ^gw(c2) ■ Then, by (4),

(13) (rCw(c2)gw{c2)fgw(c2)Pfgw{c2)a2,   rcw(c2)gw(c2)Qgw(c2),b'fb'Pf(b')a2) <St2F.

By (13), there exists a W7 £ siW such that

(14) '■cu)(c2)S'u)(c2)/g«)(c2)P/gu)(c2)a2(^)>   rcw(c2)gw(c2)Qgw(c2)b' fb'Pf{b')a2(x) G Wj.

By (12), (10), (6), (9), (11), (14), and (1), there exists a W g Wc such that

rCw(c2)a(y),  rcw(C2)gw(Cl)qgw(C2)b, (y) £ vV6 U W4 U W2 U JK3 U W5 U W1

{    ' C st(st(W3 , W), stW) C W.

Here y = fb'Pf(b')a2(x) £ Yb>. Therefore, (15) means that g satisfies (AMC).
Hence [g] satisfies (AMC).

The proof of the following lemma is similar to the proof of Lemma (4.2).

(4.5) Lemma. Let i:3f -+y, %-.y -> Z, and h:Z -» y be approximate
maps. Let [h][g] = [\y]. If [g][f] satisfies (AMC), then so does [f].

Let p' : X -» 3f' and q' : Y -» p" be cofinite approximate APOL-
resolutions. Let f : 3f' —> y be an approximate resolution of /.

(4.6) Lemma. Let (p,q,f) and (p',q',f) be approximate resolutions of f.

Then [f] satisfies (AMC) if and only if [f ] satisfies (AMC).

Proof. By (6.3) of [MW] there exist approximate resolutions (p,p',u),

(q,q',v),and (p,q',h) of I*, ly,and /respectively. Then by Corol-

lary (1.17),

(1) [v}[f] = [h] = [f ][■].

We assume that [f] satisfies (AMC). Since [v] is an isomorphism by Corollary

(1.18), by Lemma (4.2), [v][f] satisfies (AMC). Thus, by (1), [f][u] satisfies
(AMC). Hence by Lemma (4.4), [f ] satisfies (AMC).

Similarly we can show the converse. Hence, we have Lemma (4.6).

By Lemma (4.6), we say a map f: X ^> Y satisfies (AMC) provided some/any

approximate APOL-resolution l:3f ^ y of / satisfies (AMC).

(4.7) Lemma. If f : X —> Y satisfies (AMC), then for any map g : X —► Y
and for any 2rGCov(7), / and g have a "V-coincidence point.

Proof. Take any map g : X -> Y. Let p : X -> 3f and q : Y -» ft be
cofinite APOL-resolutions. Let i:3f -» y and g:3f -> y be approximate

resolutions of / and g , respectively.

We show that f and g satisfy condition (AN). By the assumption on /, f

satisfies (AMC). Take any b £ B . Thus there exist a ft0 > ft and an ao > /(fto)

satisfying condition (AMC). Take an ax > ao, g (bo) ■ We easily show that the

indices ax and ft0 satisfy condition (AN). Thus f and g satisfy (AN). Hence,

by (3.1), / and g have a 2^-coincidence point for any 'V £ Cov(Y).

(4.8) Lemma. Let Y be an approximate polyhedron, and let f : X -* Y be a

map. Then f satisfies (AMC) if and only if
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(i) for any map g : X —> Y and any W g Cov(T), / and g have a 'V-

coincidence point.

Proof. Let B be the set of all nonempty finite sets b = {Vx, ... ,%}, 2^G

Cov(T). An order < in B is defined as follows: ft < ft' provided beb'.

Thus (B, <) is a cofinite directed ordered set.

For each ft = {Tx,... , Tn), let Tb = Tx A • • • A 2^ = {Vx n • • • n V„ :
V¡ £ Tt, i = 1,2,... ,«} G Cov(Y),Yb = Y, qb = lY : Y - y,, and
0¿o» = 1 y : y¿,< = y -» y = y¿, for ft < ft'. It is easy to show that q =

{qb : ft G B) : Y -» y = {Yb, %, qbb,, B} satisfies (Bl) and (B2). Hence, by
(2.8) of [MW], q is an approximate APOL-resolution of Y. This is called the

rudimentary (approximate) resolution of Y.

Let p : X —> 3f be a cofinite approximate APOL-resolution and f:3f^y

be an approximate resolution of /. By Lemma (1.15), we may assume that

(1) (fbPf[b),  Qbf)<^n   for ft G B.

We show that (i) implies (AMC) for f. To do so take any ft = {Tx, ... ,Tn)
£ B. Take afe Cov(T) such that

(2) st2 T <%.

Let ft0 = {Tx, ... , Tn , T) £ B . By (AS) for p, there exists a0 > /(ft0) such
that

(3) iPfibo) ,   Pf(b0)a'Pa')<fb~[ (%)

for any a' > ao .
We show that the indices ao and fto satisfy property (AMC) for f. Take

any a' > ao and any map ft : Xa> -> Ybo. By the assumption (i), there exist a

point x £ X and a Vx £ %0 such that

(4) f(x),  hpa,(x)£Vx.

By (1) for ft0 , there exists a K2 G st2^0 such that

(5) fb0Pf(b0)(x), ö6o/(x)g K2.

By (3), there exists a K3 £ 2^0 such that

(6) fb0Pf(b0)(x) ,   fbBPf(b0)a'Pa'(x)£V3.

Since qbo = lY , by (4), (5), and (6)

(7) hpa'(x) ,   fb0Pf(bQ)a'Pa'(x) £ St(K2 , St 2%).

Since qbba = ly, by (2) and the choice of ft0, Qbb\% = 2^ > st2^ >

st2(2^ A • ■ • A Wn A 2H = st2 2% . Thus, by (7), there exists a K4 g 2^ such

that

(8) qbbMx'). Qbb0fb0Pf(b0)a'(x') G fl6éo(st(K2, st2%,)) C K4.

Here x' = pa<(x) G Xa>. (8) means that f satisfies (AMC). Hence / satisfies

(AMC).
The converse assertion follows from Lemma (4.7).

5. Cosmic systems and resolutions

In this section we generalize the notion of universality due to Holsztynski [H]
and Mioduszewski and Rochowski [MiR] to approximate systems and resolu-

tions. It should be noted that the version of universality we describe (condition
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(AC)) is more than just a generalization of the previous notion to approximate

systems. We not only show that the limit of an ANR-resolution satisfying con-

dition (AC) has the fixed point property (5.12), but that condition (AC) also

is an approximate shape invariant (see (5.3)). In other words, condition (AC)

is categorical and hence does not depend on the particular expansion chosen.
This is in contradistinction to the notion of universality due to Holsztynski (see

Example (5.7)).

(5.1)   Lemma. The following conditions are equivalent.

(i)   [l<?]:3f->3f satisfies (AMC).
(ii)  3f satisfies condition (AC):

(AC) (Va € A){3U0 > U){W > a°)(WZ : Xa' ~* Xao)

(3X £ Xa')(3U £ ita) paaoh(x) ,   Paa^Pa.a'(x) G U.

(iii)  3f satisfies condition (AC1):

(AC1)
(Va G A)ÇW G Cow(Xa))(3ao > a)(Va' > a0)(Vft : Xa. -* X^)

(3X0 G Xa')(3U G it) paaQh(Xo) ,   PaaoPaoa^Xo) G U.

Proof. We first show that (i) implies (ii). Take any a £ A and a it G Cov(Xa)

such that

(1) SX2 it < %.

By (A2) and (A3), there exists an ao > a such that

(2) (Paa" , Paa'Pa'a") < %   for any a" > a' > a0,

(3) p-a\it>ita,    foranya'>a0.

By (i), there exist indices a2> ax> ao satisfying the condition (AMC) for 1^

and ao •
We show that the index a2 satisfies (AC) for a. To do so take any a' > a2

and any map ft : Xa' —* Xa2. Since pasa2h : Xa' -» Xax , by the choices of ax

and a2 there exist an x g Xa> and a Ux £ it^ such that

(4) PaoaxPa,a2h(x) ,   P^a.Pa.a^x) £ Ux.

By (3), there exists a U2 £ it such that Päa\Ui ^ Ux . Thus, by (4),

(5) PaaoPa0alPaia2h{x) ,   PaaoPaaaxPa,a'(x) £ Paao(Ul) C U2.

Since   (PaaoPaoa, ,   Paa,) < %  by (2),

(6) (PaaoPava\Pa\a2h,   Paa,Pa,a2h) <Ít,

(7) (PaaoPaoa^a^1 ,   Paa,Pa,a') < ^•

Since (paaiPaxa2, Paa2) < it by (2)

(8) (Paa,Pa,a2Pa2a',   Paa2Pa2a') < *t ,

(9) (PaatPa¡a2h,   paa2h) < it.

Since (pa¡a2Pa2a', Pata') < %, by (Al) and p~a\it > ita, by (3),

(10) (Paa\Paxa2Pa2a',   Paa^Pa^a') <%'■
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By (9), (6), (5), (7), (10), (8), and (1), there exists a U £ ita such that

(11) Paa2h(x),  Paa2Pa2a'(x) £ St(st(t/2 , it) , St it) C U.

This means that a2 satisfies the condition (AC) for a . Thus 3f satisfies (AC).

We show that (ii) implies (i). Take any a £ A. By (ii), there exists an

ao > a satisfying (AC) for 3? and a. We show that the indices ao > l^o)

and ao > a satisfy (AMC) for 1^ and a. To do so take any a' > ao and

any map ft : Xai —► X^ . By the choice of ao > there exist an x G Xa> and a

U £ Íta   SUCh that Paaoft(x),  Paa0Pa0a'(x) £ U .  Since Paa^Pa^a' = PaaçAx^Pa^a' ,

this means that \%> satisfies (AMC).

We now consider (ii) and (iii). Clearly, (AC1) =>■ (AC). We show that

(AC) => (AC1). To do so take any a £ A and any it G Cov(Za). Take a
*V £ Coy(Xa) such that

(12) st2^<^.

By (A2) and (A3), there exists an ax > a such that

(13) (Paa'Pa'a" , Paa") < ^   for any a" > a'> ai,

(14) p -1T > st ita"   for any a' > a x.

By the assumption, there exists an a2 > ax satisfying condition (AC) for ax .

We show that a2 is the required index.  Take any a" > a2 and any map

ft : Xa" -» Xai. By the choice of a2 and (AC), there exist a z g Xa» and a

Ux £s\itax such that

(15) pa¡a2h(z),   paxa2Pa2a"(z) G V\.

By (14), there exists a Vx £ T such that p~a\ Vx D Ux. Then, by (15),

(16) PaaiPa{a2h(z) ,   Paa¡Pa,a2Pa2a"(z) G Vx.

By (13), (PaaiPa]a2, Paa2) < ^ ■ Thus, there exist K2, K3 G 2/" such that

(17) PaatPaia2h(z) ,   paa2h(z) £ V2 ,

(18) Paa¡Pa¡a2Pa2a"(z),   Paa2Pa2a"(z) £ K?.

By (16), (17), (18), and (12), there exists a Í7 G ̂  such that

(19) paa2ft(z), paa2/>a2a-(z) G K, u K2 U K3 c st(K, T)ci/.

This means that ¿z2 is the required index. Hence 3f satisfies (AC1).

We say that an approximate resolution p : X —> 3f satisfies (AC) or is cosmic

provided 3? satisfies (AC).

(5.2) Lemma. Let p : X -> 3? and q : Y —► y be cofinite approximate

APOh-resolutions. Let X and Y be homeomorphic. Then p satisfies (AC) if

and only if q satisfies (AC).

Proof. Let / : X —» Y be a homeomorphism. By (1.15) there exists an approx-

imate resolution (p, q, f) of /. By Corollary (1.18), [f] is an isomorphism.

First, we assume that p satisfies (AC), i.e., 3f satisfies (AC). Then by Lemma
(5.1), [1^] satisfies (AMC). By Lemma (4.2), [f][l^] satisfies (AMC). Since

[f][l.r] = [f] - [ly][f], [lylffl satisfies (AMC). Thus, by Lemma (4.4), [\y]
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satisfies (AMC). Hence, by Lemma (5.1), y satisfies (AC), i.e., q satisfies

(AC).
Applying the above fact to the homeomorphism / ' : Y —> X, we have the

converse assertion.

(5.3) Corollary. Let p : X —> 3f and p' : X -> 3f' be cofinite approximate
AYOL-resolutions. Then p satisfies (AC) if and only if p' satisfies (AC).

By Corollary (5.3), we say that a space X satisfies (AC) or is cosmic provided

any/some cofinite approximate APOL-resolution p : X —► 3f of X satisfies

(AC).
By Lemma (5.2), we have that

(5.4) Corollary. Property (AC) is a topological invariant.

Lemmas (4.4) and (1.17) imply that

(5.5) Corollary. Let f : X - Y and g : Y - Z be maps. If gf : X ^ Z
satisfies (AMC), then so does g.

(5.6) Corollary. If f : X -> Y satisfies (AMC), then Y satisfies (AC).

(5.7) Example. Holsztynski [H] only considers universality in terms of a fixed

morphism between commutative inverse systems and the induced map on the

limit. In our approach a given map may be induced by many different mor-

phisms of approximate systems associated with the given map. Some of the

expansions of a given map may be universal in the sense of Holsztynski and

others may not. To see this consider a metric continuum X which is the inverse

limit of both a sequence of arcs and of a sequence of circles, i.e., X is arc-like

and circle-like. Any indecomposable arc-like continuum has this property (see
[Bu, Theorem 7]). Then X has an expansion X whose coordinate spaces are

all arcs and an expansion of the identity map \x '■ X —> X, f : X —> X given by

/ = 1 %., which is universal in the sense of Holsztynski. On the other hand, X

also has an expansion X' whose coordinate spaces are all circles and an expan-

sion of \x , f : X' —» X' given by f[ = lX', which is not universal in the sense

of Holsztynski. Therefore universality in the sense of Holsztynski depends on

which expansion one uses and so it is not categorical.

We easily show

(5.8) Lemma. If 3/ satisfies condition (US), then it satisfies (AC).

(US) (Va, Va' G A)(a' > a)(VA : Xa- -* Xa)(3x £ Xa.) h(x) = paa'(x).

(5.9) Remark. In (5.8), if 3f is commutative, then the condition (US) is

equivalent to unversality in the sense of Holsztynski [H] and Mioduszewski and

Rochowski [MiR]. Note that the condition (US) is not an approximate shape

invariant, i.e., it depends on (approximate) polyhedral resolutions (see Example

(5.7)).
Let X be a compact Hausdorff space and /, g : X —> Y be continuous

maps. Let it be an open covering of Y. We say that a point x G X is

a it-coincidence point of / and g provided that f(x), g(x) £ U for some

U £it.
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(5.10) Lemma. Let X be compact Hausdorff and Y Tychonoff. If f and
g have a it-coincidence point for any it £ Cov(y), then f and g have a
coincidence point. Moreover, if g is the identity map, then f has a fixed point.

Proof. Let F (it) = {x £ X; x is a ^"-coincidence point of / and g} for any
it £ Cov(y). By the definition, we have

Claim 1. If 2^ < it, then F(T) c F (it).
Now, we show that _

Claim 2. If st2^ < it, then FfW) c F (it).
To prove Claim 2, take any x G F^V). There exist Vx, V2 £ W such that

(1) f(x)£Vx    and   g(x)£V2.

Since f~lVx n g~lV2 is an open neighborhood of x by (1), f~xVx n g~'K2 n
F(W) ^ 0 . So there exists a point y such that

(2) y£f-ivxng-lv2nF(T).

By (2),

(3) /Cv)eKj    and   g(y) £ V2.

Since y £ F(T), there exists a K3 g T such that

(4) f(y),g(y)tv3.

By (1), (3), and (4), we have that /(x), g(x) £ Vx U K2 U K3 c st(K3, T).
Since st2^ < it, there exists a U £ it such that st(K3, T) c C/. Then,

/(x), g(x) G Í7, i.e., x is a ^-coincidence point of / and g . Therefore we
have Claim 2._      _

Let jVty : F(T) -» F(it) be the inclusion map for each "V, it £ Cov(y)

with T <it. Thus ¥(f,g) = {F(it), jv tV, Cov(y)} forms an inverse

system. Let F(f, g) be the set of all coincidence points of / and g .

Claim 3. 7-(/,g) = limF(/,g).

Clearly limF(/, g) = Ç\{F(it) : it £ Cov(y)}. Since F(f, g) c F (it) c

F(it) for any it G Cov(r), F(f, g) c fl{^(^) : % e Cov(y)}.
We must show that [\{F(it) : it £ Cov(y)} c F(f, g). Take any x g

C\{F(it) : it G Cov(y)}. We assume that x i F(f, g), i.e., f(x) ¿ g(x).
Since y is Tychonoff, there exists a it £ Cov(Y) such that

(5) st(/(x),^)nst(£(x),^) = 0.

There exists T £ Cov(y) such that st2^ < it. By Claim 2 and the choice of

x,

(6) x£F~W)dF(it).

By (6), x G F(it), i.e., there exists a member K £ it such that f(x), g(x) £

K. By (5), such a K does not exist. Thus, we have a contradiction. Thus,

f(x) = g(x), i.e., x G F(f,g). Therefore, Ç\{F(W) ■ % e Cov(Y)} c
F{f ■> g) and we have Claim 3.

Since F(/, g) is an inverse system consisting of nonempty compact Haus-

dorff spaces F(it), limF(/, g) is not empty. By Claim 3, F(f, g) is not

empty. Hence, / and g have a coincidence point and the proof is complete.
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(5.11) Theorem. Let f, g : X -> Y be maps from a compact Hausdorff space

X to a Tychonoff space Y. Then their approximate APOL-resolutions satisfy

(AN) if and only if f and g have a coincidence point.

Theorem (5.11) follows from Lemmas (3.1) and (5.10).

(5.12) Lemma. // X satisfies (AC), then any map f : X —> X has a W-fixed
point for any 'V g Cov(.Y) .

Proof. Let p : X -* 3? be a cofinite approximate APOL-resolution. By the as-

sumption, 3? satisfies (AC). By Lemma (5.1), [\^\:3f ^3f satisfies (AMC).
Since \«c : 3f —► 3f is an approximate resolution of 1* : X -> X, then 1*

satisfies the condition (i) in Lemma (4.8). Hence, we have the required property.

(5.13) Theorem. If X is a compact Hausdorff space with a cosmic approximate

ANR-resolution, then X has the fixed point property.

Theorem (5.13) follows from Lemmas (5.10) and (5.12).

(5.14) Corollary. Let p : X -> (3f, it) be an approximate resolution of com-

pact Hausdorff spaces Xa. If 3f satisfies (US), then X has the fixed point

property.

(5.15) Corollary. If X is an arc-like Hausdorff continuum, then X has the

fixed point property.

Proof. By [MM] X has an approximate resolution p - {pa : a £ A} : X ^

3f = {Xa, ita, Paa', A} such that each Xa is an arc and each paa' is surjective.

Since Paa' is surjective, paa' is universal by Proposition 8 of [H] and so 3f

satisfies property (US). Hence, by (5.14), X has the fixed point property.

(5.16) Remark. This corollary extends a similar result in [H] to the Hausdorff

case. Mardesic [M] constructed an arc-like continuum which is not an inverse

limit of any (commutative) inverse system of arcs. Therefore, we need the no-

tion of approximate resolution for our proof. The approximate limit approach

also allows for a generalization of fixed point results for tree-like continua to

the nonmetric case. Marsh [Ma] has introduced a class of maps between trees,

called w-maps, which are cosmic. So if a tree-like Hausdorff continuum X has

an approximate resolution as trees and «-mappings as bonding maps, then X

has the fixed point property.

(5.17) Corollary. If X is an essentially (n-cell)-like Hausdorff continuum, n >

2, then X has the fixed point property.

Proof. Let Bn be an «-cell and S"~l be its boundary. The hypothesis means

X has an approximate resolution with «-cells B" as coordinate spaces Xa

and bonding maps paa- : Xa> -* Xa such that /wl/^S"-1) : Pâal>(s"~l) -»

S"~l is essential (i.e., cannot be extended to a map of B" to S"~l ). Then

by Proposition 10 of [H], 3f satisfies (US). Therefore X has the fixed point

property by (5.14).

(5.18) Remark. Note that essentiality is necessary since there are (3-cell)-like

continua without the fixed point property (see [Bol] or [B, Theorem 20]).
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We now give an example of continuum having the fixed point property but

which is not cosmic.

(5.19) Example. The Warsaw Circle is a continuum X which has the fixed

point property, but does not satisfy property (AC).

We consider points a„,b„, n = 0, 1,2,... , Co and cx in the plane as

follows: a0 = (0, -1), an = (±, -1) for n = 1, 2,... , c0 = (0, 0), cx =

(1,0), ft0 = (0, 1), b„ = (i, 1) for each odd n, and b„ = (±, 0) for each

even « . Then X = boaoUäo~axllaxbx U U^i ¿;A+i is a continuum in the plane

R2.

Let
2/1-1_     _

^n = ftoCoUcbôb"uâ5a7UâTcTUcift1 u (J ft,ft,+i uft2„ft0
!=1

be a simplicial complex in R2 for « > 1. Let />„„, : Xm —> Xn be a simplicial

map defined for m> n by

{fto   if v = bj, j is odd and 2m > j > 2n,

Co   if v = bj, j is even and 2m > j > 2n,

v    otherwise.

It is easy to show that pmxm2Pm2m1, = Pm,m3 for mx < m2 < ra3. Then X =

{Xn , pnm, N+} is an (commutative) inverse sequence. Here N+ is the set of

all positive integers with the usual order.

Let <pn : {b0 ,c0,a0,ax,cx }u{ft, : i = 1, 2,...} -» X° = {fto, c0, Oq , a\., C\)
U {ft, : z = 1, 2, ... , 2«} be a map defined by

(fto   if v = bj, j is odd and j > 2«,

Co    if v — bj, j is even and j > 2n,

v    otherwise.

Clearly <pn defines a map p„ : X —► Xn . Since y>„ = p„m(pm for n < m, we

have p„ — PnmPm ■ Thus p = {p„ : n £ N+} : X —> X is a (commutative)

system map. It is not difficult to show that p:i->X is an inverse limit.

By Theorem 8 of [Ml], p is a resolution. Then by (3.9) of [Wl], there are

coverings % £ Qov(X{) such that p : X -> (3f, it) = {Xn, itn , pnm , N+} is

an (commutative) approximate resolution of X.

We show that (3f ,it) does not satisfy property (AC). We assume that

(3f, it) satisfies condition (AC). By Lemma (5.1), it satisfies condition (AC1).

Take any n £ N+ and any covering "Vn of Xn such that the mesh of 2^ < 1.

Then by (AC1), there exists an «0 > n satisfying

(1) for each m > no and each map ft : Xm —> X„0, there exists a point

x £ Xm and a U £%, such that pnm(x), Pnn0h(x) £ U .

Take any m > no. We define a map ft : Xm —> Xm as follows: We subdivide

Xm by

2m-1 2m-1_     _

ft0co U cüä7j U a0a2m U |J aj+xajUâx~cx~ucxbx u  (J bjbj+x U ft2mft0.
7=1 j=l
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Let h : Xm ̂  Xm be a simplicial map defined by

ax if v = b0,

C\ if V = Co,

fti if v = ao,

bj+2 if v = a2m-j ,0<j<2m-2,
h(v) = {  /

bo if v = ax,

Co if v — cx,

a0 ifv = bx,

, a2m+2-j   if v = bj■, 2 < j < 2m.

It is easy to show that

(2) if x G ftoCoUCoä^UöIcTUcifti = K, then \nxpnm(x) - nxpnmh(x)\ = 1,

(3) if x € Xm - K, then \n2pnm(x) - n2pnmh(x)\ > 1.
Here n¡ : R2 -* R is the projection to the zth coordinate for each z = 1, 2. By

(2) and (3), for each x £ Xm, the distance between pnm(x) and pnmh(x) is

not less than 1. Since the mesh of 2^¡ < 1, we cannot find a member U £°t/n

containing both points pnm(x) and pnmh(x) for each x £ Xm. Thus, this

contradicts (1). Hence (3f, it) does not satisfy property (AC). However, it is

well known that X has the fixed point property (see Theorem 13 of [B]).

6. Complex projective «-space like continua

and the fixed point property

Let P"(C) be the «-dimensional complex projective space.  Note that the

geometrical dimension of Pn(C) is 2« . The following data is well known:

for; = 0, 2,4, ... ,2«,

0    otherwise,[I) HJ(P"(C);Z) = i[

( 0,     / < 2« and / ¿ 2,
(2) Äy(/'"(C)) = |z'j    J.Z2

Here, Z is the additive group of all integers, and C is the field of all complex

numbers. Let <Q> be the field of all rational numbers.

,.,, Pn(C) is a 2«-dimensional orientable manifold without bound-

ary. Moreover, it is simply connected.

Let / : Pn(C) —► P"(C) be a map. Then, / induces a homomorphism

/. : H2(Pn(C); Z) -» H2(Pn(C); Z). Since H2(Pn(C); Z) s Z by (1), we take

a generator a of H2(Pn(C) ; Z) and then H2(Pn(C) ; Z) = {ka : k £ 1} . We

may define a A G Z by f*(a) = ka. We say that k is the 2-dimensionaldegree

of / and write it as k = deg(/). Note that k does not depend on the choice

of the generator a. (See the proof of (7).)

By the universal coefficient theorem, we have the following exact sequence:

0 - Ext(Hj_x(P"(C) ; Z), Q) -> W(Pn(C) ; Q)

^Hom(//,(/>"(C);Z),Q)^0.

By (1) and (4), we have

for / = 0, 2, 4, ... ,2«,

0    otherwise.
(5) W(Pn(C);Q)^l
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By the naturality of the universal coefficient theorem,

H2(P"(C) ; Q) 3 Hom(/72(P«(C) ; Z), Q) * Hom(Z, Q) * Q
(6) f'[ Hom(/, ,1Q)J, Hom(xA,lQ)j J,xA

H2(P"(C) ; Q) £ Hom(H2(P"(C) ; Z), Q) S Hom(Z, Q) * Q,

where A = deg(/) and xA is the homomorphism determined by multiplication

by k. Let ß be the generator of H2(Pn(C) ; <Q>) determined by ç>_1(l) , where

<p is an isomorphism in (5) and 1 G Q. Thus H2(Pn(C); Q) = {rß: r g Q}

and /*(r/?) = krß for each r G Q.
Let j8' be another generator of H2(Pn(C) ; Q). We put f*(ß') = A')?', A' G

Q. We show that

(7) A = k'.

Since /5, ß' are generators, ß ^ 0 and ß' ^ 0. We put ß - tß', where

í = | G Q and tx,t2£l. Since ß ^ 0 and /?' ^ 0, then /, ¿ 0 and i2 # 0.

Since t2ß = txß>, /2A/? = t2f(ß) = /,(/2/?) = f(txß') = txf(ß') = txk'ß', i.e.,
txk'ß' = t2kß . Since ß = \ß', txk'ß' = t2kß = t2k'l2ß' = ktxß'. Since ß' ¿ 0

and tx ̂  0, M'/f' = A/i/3' implies A' = k and we have (7). Thus we have that

/* : H2(P"(C) ; Q) - H2(P"(C) ; Q) satisfies /*(/») - AyS for
1 '        any generator ß of H2(Pn(C) ; Q).

Hence k = deg(/).
Now, Q is a commutative field. It is well known that H*(Pn(C) ; Q) forms

a cohomological ring such that H*(Pn(C) ; Q) is a truncated polynomial ring

over Q generated by a generator x of H2(P"(C) ; Q) and height « + 1, i.e.,

(9) H*{Pn(C);Q)*PQ[xy(xn+l).

Here /q[x] is the ring of polynomials generated by x with rational coefficients,

and (x"+1) is an ideal generated by x"+1. Note that the cup product induces

the ring product structure of H*(P"(C) ; Q). (9) means that

(10) x> is a generator of H2¡ (Pn (C) ; Q).

By (8), we have that

(11) f*(x)=kx,    where/*:/72(/J"(C);Q) -^ H2(Pn(C) ; Q).

By (10) and (11), f* : H2J(Pn(C) ; Q) -+ H2J(P"(C) ; Q) has the property:

> times J times

r(xj) = f*7x^~xJ = '/•(*)• •■/■*(*)' = (¿*) • ■ • (Ax) = AV.

Hence

(12) r{xi)=tíx>   forj = 1,2,... ,«.

Take any   ;  = 0,1,2,...,«.    Since  / induces a homomorphism  /*  :

H2j(P"(C);Z) -» H2j(P"(C);Z), by (1) there exists a A2;- G Z  such that

f*(a2j) = k2ja2j, where a2; G H2j(P"(C); Z) is a generator. Note that I2j
does not depend on the choice of the generator a2j. Using the same argument

as (6)-(8) we have by (5) that for /* : H2J{P"(C);Q) -» H2J(Pn(C); Q),
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f*(ßij) = kijßij for any generator ß2j of H2J(Pn(C) ; Q) for ; = 0, 1.n.

However, by (10) and (12), we have k2j = kf Hence, for / : H2j(Pn(C) ; Z) -»

H2j{P"(C);Z),

(13) Mßu)=lJp\j

for any generator ß2j £ H2j (P"(C) ; Z) and j = 0, 1, 2, ... , «.
By the universal coefficient theorem, we have

(14) 0 - Hj(P"(C) ; Z)®Q £ Hj{Pn{C) ; Q) -» Tor(/^_i(i>"(C) ; Z), Q) - 0

for each 7 . Thus, by (1),

(15)
HJ(P»(C);®)^íHÁPn{C)'Z)®q-Z®Q-Q   {OTJ = 0>2>- • >2n>

0

By (14) for 7 = 0, 1, 2, ... , n,

H2j(Pn(C) ; Z) ® '

(16) U®1q

/72;(P"(C);Z)®Q

otherwise.

i/2,(/J"(C);Q)

//2;(/>"(C);Q)

is commutative. Since íí/ is an isomorphism, by (13) and (16)

(17) f>(ßy) = lJßij,

where ß2j = y/(ß2j> <8> 1).

By the same way as in (7), we can show that kj does not depend on the

choice of the generator ß2j, i.e., for /* : H2j(Pn(C) ; Q) - H2j(P"(C) ; Q),

(18) Mß2j) = Vß2j

for any generator ß2j £ H2j (Pn(C) ; Q) and y = 0, 1, ... , « .
Now, by (3) we have the Poincaré duality theorem: There exists an isomor-

phism

(19) Dj : H'{P"(C);Q) - H2n^(P"(C); <

for any 7 = 0, 1,2,... , 2« .
We define a Gysin homomorphism /! : Hj(P"(C);

such that /! = DjlfyDj, i.e.,

//> (/>" (C) ; Q)    -►    H' (Pn(C);<

HJ(Pn(C);

(20)
o,

H2n_j(P»(C);
f.

H2n_j(P"(C);

is commutative.

We show that for /! : H2J(P"(C) ; Q) -» H2J(P"(C) ;

(21) /!(x^) = A"-^   for 7 = 0, 1,... , n.
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By (10) and (19), D2j(x¡) is a generator of H2n_2j(Pn(C) ; Q). By (18),

(22) f{D2j(xi))=k"-JD2j(xJ).

Thus,

/!(x>) = D-lfD2j(xJ) = D¿ {k"-JD2j(XJ))

= k"-jDylD2j(xJ) = k"-Jxj.

Thus we have (21).
We calculate the Lefschetz number k(f, g) for maps /, g : P"(C) ->■ P"(C)

as follows.

(6.1)   Lemma. Let f,g: Pn(C) -* Pn(C) be maps.   Then k(f, g) = A" +
A""1/* + A"" V + • • • + kpn~l + p" . Here A = deg(/) and p = deg(g).

Proof. Note that A(/, g) is defined by
oo

A(/,S) = 5>iy traceur7').
;=o

Here
HJ(Pn(C); Q) ^ HJ(P"(C);Q) ^ HJ(Pn(<C);Q).

Take any 7 = 0, 1,...,« . By (12)

(23) r2j(xj)=r(xj)=kjxj.
By (21), since p. = dcg(g),

(24) g\2j(xj) = p"-jxf

By (23) and (24)

(25) g\2jf*2j(xi) = kJp"-jxJ.

Since H2J(Pn(C);Q) SQ,

(26) trace(£!2V*2j) = ¿V~7'   for 7 = 0, 1, ... , «.

Let 7 be an odd integer. By (5)

//>(/>"(€); Q) -> HJ(P"(C);Q) -► W (P"(C) ; Q)

Hi III Ii
0 0 0

must be the zero homomorphism. Thus

(27) trace(g\j f*}) = 0   for any odd integer 7.

Hence, by (26) and (27),

2n

A(/,s) = £(-l)Mrace(g!V*7)

n

= J] (-iy trace^'/*7') + £(-l)27 trace(#!2V*2>)

; : odd 7=0

= ¿AV_i-
7=0

Therefore, we have Lemma (6.1).
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(6.2)   Lemma. Under the conditions of Lemma 6.1, we have

(i) Let « be an even integer. Then k(f, g) = 0 if and only if deg(/) =

deg(s) = 0.
(ii) Let n be an odd integer.  Then k(f, g) = 0 if and only if deg(/) =

- deg(g).

Proof. Let deg(/) = deg(g) = 0. Thus A = p = 0. By Lemma (6.1),
-*(/, <?) = 0 • Next, we assume that k(f, g) = 0. We show that

(1) ifA = 0, then ¿i = 0.

Since 0 = k(f, g) = A" + k"~lp + ■■• + kpn~l + p." = p." , p = 0. Similarly, we

have

(2) ifp = 0, then A = 0.

We show that

(3) ifA/0, then A ¿p.

We assume that A ̂  0 and A = p. Thus,

0 = k(f, g) = A" + kn~lp + ■■■ + kpn~l +p" = (n+ 1)A".

Thus A" = 0 and hence A = 0. This contradicts A ̂  0. Therefore A ̂ ¿ p .
We show that

(4) if A^O, then f ^0, 1.

If f = 0, then p - 0. By (2), A = 0. This contradicts the assumption A ̂  0.

Therefore ^ ^ 0. Next, we put f = 1 . Since f = 1, then k = p. This

contradicts (3). Hence f ^ 0, 1.
We assume that A ̂  0.  By (4), y = £ =i 0, 1.  Since A(/, g) = 0, 0 =

A(/, g) = A"(l + \ + (f )2 + • • • + (\)n) and then

(5) 1 +y + ■■■+y" = 0.

Since 1 + y + • • ■ + y" = l-^f , by (5)

(6) yn+i = 1.

Let w — cos^pj- + z'sin^. It is well known that the solutions of (6) are

y = 1, w, w2, ... , w". Since v ^ 1, the solutions of (5) are

(7) y = w , w2, ... , wn.

We now show (i). First let A ̂  0. Since y = wJ= cos-^n + i sin ^n for

some j, 1 < j < « , by (7) and y = % G Q, sin ^rc = 0. Hence ^ = 0 or
2/jt - 7t. If j^j-re = 0, then 7 = 0. This contradicts 1 < j < n. If -¡^n = n ,

then 7 = sfi . Since « is even, ^ is not an integer, but j must be an integer.

2
Hence 7 = ^p- is a contradiction. Next let A = 0. By (1), A = p = 0. Hence

we have (i).
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Now, we consider (ii). If A = -p, then

k(f, g) = knp° + kn~lp + ■■■ + kpn~x + k°pn

= ¿(AV-;+¿"--y, = ¿((-i)7 + (-iro^-
7=0 7=0

Since « is odd, (-1)/ + (-1)"^' = 0. Thus k(f, g) = 0.

We assume that k(f, g) = 0. First let A ̂  0. Since cos -^-¡n + zsin j^n =

y = \ £ Q for some 7, 1 < 7 < n, by (7), sin^fj = 0. Thus £± = 0 or

^fj = 7i. If |^{ = 0, then 7 = 0. This contradicts 1 < 7 < n . Hence f^( = 7z,

i.e., 7 = 2^1. In this case y = tu-'= cos ^ • ̂  • 27t + i sin ^ . «±i . 2^ =

cos n + i sin 7r = -1. Hence y = -1, i.e., £ = -1, so k = -p . Next let A = 0.

Then by (1) A = p = 0. Hence, we have (ii).

(6.3) Corollary. Let deg(/) ¿0.

(i) // « z's eve«, ífte« A(/, g) ¿ 0 /or a«y g : P"(C) -» P"(C).
(ii) // « z's odd, then k(f, g) ¿ 0 /or a«y «zap g : Pn(C) -» P"(C) wz'/ft

deg(g) / - deg(/).

(6.4) Lemma. Lei « fte eve« and f : Pn(C) -» P"(C). // deg(/) ^ 0, /fte« /
is cosmic.

Proof. By (i) of Corollary (6.3), k(f, g) / 0 for any g. By the coincidence

point theorem of Lefschetz (see p. 320 of [L]), / and g have a coincidence

point. Hence / is cosmic.

(6.5) Lemma. Let « be odd. //deg(/) ^ 0, ¿fte« / and g have a coincidence

point for any g : Pn(C) -* Pn(C) with deg(g) ¿ - deg(/).

By (ii) of Corollary (6.3) and the Lefschetz coincidence point theorem [L]
we have Lemma (6.5).

Let [/] be the homotopy class of a map / : P"(C) -> Pn(C), and let

[P"(C), P"(C)] be the set of all homotopy classes of all maps between Pn(C)

and itself. Since / : H2(Pn(C) ; Z) -> H2(P"(C) ; Z) depends only on [/], we

define deg([/]) by deg(/).

(6.6) Lemma,  deg : [Pn(C), P"(C)] -» Z is bijective.

To prove Lemma (6.6) we need some general results: Let Y be an (« - 1)-

connected and «-simple space. By the universal coefficient theorem and the

Hurewicz theorem, we have isomorphisms

Hn{Y;nn(Y)) i Hom{Hn(Y ; Z), nn(Y)),

7r„(y)I/7„(y;Z).

Thus we may define a cohomology class }v £ Hn(Y; nn(Y)) by AT(yr) = E~x .

This cohomology class yY is called the «-characteristic cohomology class of Y.

(6.7) Lemma (Hopf-Eilenberg [Sp]). Let X be a CW complex with dimZ =
k. Let Y be (n - \)-connected and j-simple for n < j < k such that

W+l(X; Ttj(Y)) = 0 for « < 7 <k, and W{X\ itj{Y)) = 0 for « < j < k.
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Then there is a bijection <p : [X, Y] —> H"(X; n„(Y)).  This (p is defined by

m-nyr).
Proof of Lemma (6.6). In the first paragraph of this section we described alge-

braic data (1), (2), and (3) for Pn(C). Using this data we can apply Lemma

(6.7) with X = Y = P"(C),n = 2,k = 2n. Thus we have a bijection

(1) <P : [P"(C),P"(Q] - H2(P"(C); n2(P"(C))),

which is defined by tp([ß = f*(y) for any [/]. Take any / : P"(C) -» Pn(C).
We have the commutative diagrams:

n2(P"(C)) —Ï- //2(P«(C);Z)

(2) Hi I!
z z

H2{P"(C); n2(P"(C))) --f-    Hom(H2(P"(C); Z), n2(P"(C)))

Hom(/. ,1)(3) [r

H2(P"(C);n2(P"(C)))  —^- Hom(H2(P"(C)); Z), n2(P"(C))).

Let a and )3 be generators of H2(P"(C);Z) and 7r2(P"(C)), respectively.

Since P"(C) is simply connected, the Hurewicz homomorphism E : n2(Pn(£))

= Iß -> H2(Pn(C) ; Z) = Zq is an isomorphism. Thus

(4) £0S) = (±l)a.

However, when we replace a generator ß by -^, without loss of generality,

we may assume that E(ß) = a, i.e.,

(5) E~l(a) = ß.

Therefore, E~l : H2(P"(C) ; Z) = Zq -» 7r2(/J"(C)) = Zj? is defined by fca -♦

fc/S for any /c G Z.
It is well known that for any homomorphism ft : Za —> Z)?, there exists a

unique integer y/(h) G Z such that

(6) /z(â:q) = ^(ft)/c)S

for each k £ Z.
For any integer «o G Z, we define the homomorphism «o-E-1 : Za —> Z/? by

(7) «0/i-1 (Â:a) = «oM    for any fcsZ.

Therefore, (6) and (7) mean that

(8) h = y/(h)E~l.

Clearly,

(9) <//:Hom(//2(/J"(C);Z), jr2(PB(C))) - Z

is bijective. Moreover it is group isomorphic. By (8),

(10) V(E-l) = \.
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By(3),Kf*(y) = Kf*K-x(E-x) = Hom(f, 1 )**-»(£-») = Hom(/., l)(E~x)
= E~1f*,i.t.,

(11) Kf*(y) = E~xf.

By the definition and (5), E~xf(ka) = E~x ((deg f)ka) = (deg f)kß , i.e.,

(12) E~xf. = (deg f)E~K

By (11) and (12), y/{Kf*(y)) = deg / Thus by (1),

(13) MWLfl) = deg /

This means that

(14) y/K<p = deg.

Since y>, K, and ^ are bijective, by (14) deg is also bijective. Hence we have

completed the proof of Lemma (6.6).

(6.8) Lemma. deg[g o /] = (deg[g])(deg[/]) for any /, g : P»(C) -» P»(C).

This lemma is trivial by using the definition of deg.

(6.9) Lemma. Let « be even. Let X be a P"(C)-like Hausdorff continuum. If
X is not movable, then it is cosmic.

Proof. Since X is a P"(C)-like Hausdorff continuum, by [MM] there exists an

approximate resolution p = {pa : a £ A] : X —► (3f, it) - {Xa, ita, /w , A]

such that

(l)each Xa is P"(C),
(2) A is cofinite, antisymmetric, infinite and directed.

Since each Xa is an ANR by (1), there exists a Ta £ Cov(^Ta), Ta < Wa , with

the property (see [HU]):

(3) For any space Y and any maps ft, k : Y —> Xa , if (ft, k) < st4 2^ , then
ft and k are homotopic.
By (1.19) there exists an approximate resolution q = {qa : a £ A*} : X —>

(y ,W) = {Ya,Wa, qaa', A*} such that
(4) A* is A as sets,

(5) Ya,Wa, qaa', and qa are Xa, 2^, paa-, and pa for each a £ A*,

(6) (qa, Qaa'Qa') < % for any a'^>a.

By (1.20) and (3)-(5),
(7) /7(q) : X -* H(y) is an HANR-expansion.
By (1) and (5), each qaa, : Ya> = Pn(C) -» P"(C) = ya for a'->a has degree

deg[aaa']. We show that

(8) there exists an ao G A such that deg[aaoa<] ̂ 0 for any a'»ao .

We assume that (8) is not true. Then by (8)

(9) for each a £ A there exists an a'>a such that deg[aaa<] = 0.
We claim that

(10) H(y) is movable.
To show (10) take any a £ A*. By (9) there exists an a'^>a such that

deg[aaa<] = 0. Take any a"^>a and let ft : Ya> -> Ya" be a constant map. Since

deg[ft] = 0, deg[oaa"ft] = deg[öaa"]deg[ft] = 0 = deg[<?aa.]. Since deg[aaa"ft] =

deg[aaa<],by (6.6)
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(H)   [Qaa"][h] = [qaa'].

This means that H(y) is movable. So we have (10).

By (10), X is movable. Thus it contradicts the assumption. Hence we

have (8). Since 0 ^ deg[aaoa«] = deg[aaoa.]deg[aav] and deg[aaoa<] ¿ 0 for

a">a'^>a by (8), deg[öa'a'<] ̂¿0. Thus by (8)
(12) there exists an ao G A* such that deg[aa<a"] ̂  0 for any a"^>a'^>a0 .

Let ^*(ao) = {a £ A : a>ao}.  Since q : X —> (ft, W) is an approximate

resolution and ^4*(ao) is a cofinal subset of A*, it is easy to show that

(13) q* = {qa : a £ A*(ao)} : X -, (y, W)* = {Ya, Wa, qaa', A*(a0)} is an
approximate resolution.

Since deg[öa'a"] =£ 0 for each a"»a'»ao by (12), qa,an and any map ft :

Ya" -* Ya> have a coincidence point. Thus, (y, W)* satisfies condition (AC).

Hence, by (13), X is cosmic.

(6.10) Corollary. Let « be even. Let X be a P"(C)-like Hausdorff continuum.

If X is not movable, then it has the fixed point property.

Corollary (6.10) follows from (5.13) and (6.9).

(6.11) Lemma. Let n be even. Let X be a Pn(C)-like Hausdorff continuum.

If X has the shape of P"(C), then it satisfies (AC) and hence has the fixed point

property.

Proof. In the same way as above, we can obtain an approximate system (3f, it)

= {Xa, ita, faa', A) satisfying (1), (2), (3), (4) in the proof of Lemma (6.9),
and

(2') deg[/flfl.]= 1    for all a < a1.

In the same way as in Lemma (6.9), we can show that (3f, it) satisfies (AC).

Hence X has the fixed point property by (5.13).

Watanabe [W4] has shown that there is only one other shape class for a

P"(C)-like Hausdorff continuum X to consider, namely the case when X is of

trivial shape.

(6.12) Question. Let « be even. Let X be a /'"(C)-like Hausdorff continuum.

If X has the trivial shape, does it have the fixed point property? (See (7.13)

for some partial results for this question.)

(6.13) Remark. Note that for « = 1, P"(C) = S2. So one can readily see that

(6.9), (6.10), and (6.11) are all false in this case. For the first two cases consider

X to be the suspension of the Dyadic Solenoid and for the third consider X

to be S2.

7. Nearly extendable maps and approximate resolutions

In [Bo2] Borsuk introduced the notion of a nearly extendable map between

compact metric spaces. This notion was extended to a map between arbitrary

spaces by Watanabe [W3]. He used approximate resolutions in his sense, i.e.,

commutative approximate resolutions in our sense. Thus, we shall give a defini-

tion of a nearly extendable map by using approximate resolutions in our sense,

i.e., by using noncommutative approximate resolutions.

Let f ={/,/,: ft G B} : (3f, it) = {Xa, ita, paa,, A) - (y, T) =
{Yb, 2^, qbb<, B) be an approximate map. We consider the following con-
dition:
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(NE)* For each ft G B there exists an ao > /(ft) with two properties:

(i)   (Pf(b)aoPa0a', Pf(b)a') < fjf^b for any a' > a0 ■

(ii) There exists a map ft : Xao —► Yb. such that (fbPf(b)ao >  Qbb'h) < st22^

for any ft' > ft .

(7.1) Lemma. If i is a uniform approximate map, then it satisfies property (i)
in (NE)*.

Proof. By (A2) for (3f, it), for each ft G B, there exists an a0 > /(ft) such
that

(1) (Pf(b)aoPaoa', Pf(b)a') < &f(b)   for any a'> a0 >/(ft).

Since f is uniform,

(2) fb~xn > wm.

By (1) and (2), we have property (i).

(7.2) Lemma. Lei (3f ,it) and (y,CV) be commutative approximate sys-

tems. If' f: (3f' ,it) -v (y,'V) is uniform, then the condition (NE) * is equiva-
lent to condition (NE) in [W3].

Proof. By Lemma (7.1), we need only property (ii) in (NE)*. Thus, clearly the
condition (NE) implies the condition (NE)*.

We show that (NE)* implies (NE). Take any ft G B.  By (AI3) (see [Wl])
there exists a bx > ft such that

(1) a^>st22V

By the assumption, there exists an ao > f(bx) satisfying (NE)* for bx . Since

fti > ft, by (AM2) of [Wl] there exists an ax > ao, /(ft) such that

(2) (fbPf(b)a^   QbbJb\Pf(b\)a,) <%■

Take any ft' > ft. Take any ft" > ft', bx . By the choice of ao, there exists a
map ft : X^ -* Yb" such that

(3) (Qb^'h, fblPf(bl)a0)<st2%¡

Since (y ,CV) is commutative, by (1) and (3),

(4) (Qbb"h,  QbbJblPf{bl)a0)<%-

Since (3f, it) is commutative, by (4),

(5) (Qbb'Qb'b"hPa0ax,   QbblfblPf(b,)al)<%-

We put ft = qb'b"hPaoai ■ Xai -» Yb,. By (2) and (5),

(6) (Qbb'h, fbPf(b)at) < st %■

Thus we have the condition (NE).

(7.3) Corollary. Let f:(3f' ,it) -> (y,'V) be an approximate system map in

the sense o/[Wl]. 77ze« f satisfies the condition (NE) if and only if it satisfies
condition (NE)*.

We can prove the following lemma by a slight modification of the proof of

(l.l)in[W3].
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(7.4) Lemma. Let f,g:(3f ,it) -* (y, T~) be approximate system maps. If

f ~ g and f satisfies condition (NE) *, z7ze« so does g.

By Lemma (7.4), we can say that [f] satisfies the condition (NE)* provided
f satisfies condition (NE)*. We can prove the following lemma by a slight

modification of the proof of (1.2) in [W3].

(7.5) Lemma. Let f : (3f, it) -* (y,T) and g : (y, T) -> (Z, W) be
approximate system maps.

(i) // [f] satisfies (NE) *, rfte« so does [g][f].
(ii) If [g] satisfies (NE)*, ífte« so does [g][f].

Let / : X - y be a map. Let p : X -> (3*, it), p' : X - (3?, ^)', q :
y - (j^, 2H> and q' : y -» (!<, 2^)' be approximate APOL-resolutions.

Let f : (3f, it) -* {ft, T) and f : (3f, it)' -» (y ,T)' be approximate
resolutions of /.

(7.6) Lemma, f satisfies (NE)* if and only if f does.

Proof. Let i : (3f ,it) - (&,%)', and i' : (<T, AC)' -» (<T, 20 be ap-
proximate resolutions of ljr : X -* X. Let j : (ft, T) -► (J<, 2H' and
j' : (J<, 3H' -» (y, ?H be approximate resolutions of lr : Y — Y. Thus

[f] = DOT] and [f] = ti'][f][i] by Corollary (1.17). So (7.6) follows from
Lemma (7.5).

We say that a map / : X —> Y is nearly extendable (or is an NE-map)

provided any/some approximate resolution satisfies (NE)*. So (7.5) implies

(7.7) Lemma. Let f : X —> Y, g :Y —► Z fte «za/w.

(i) If f is an NE-map, then so is gf.
(ii) // g is an NE-map, then so is gf.

A space X is an NE-set provided \x '■ X —> X is an NE-map. It is easy to
show the following:

(7.8) Lemma. A space X is an NE-set if and only if any/some approximate

APOL-resolution p : X —» (3f, it) satisfies the condition:
(**) For each a £ A there exists an ao > a such that for any a' > a there

exists a map ft : X^ -* Xa> with (paao, Paa'h) < st2 ita .

Now, this condition (**) is equivalent to approximate movability.

(7.9) Lemma ((1.11) of [W3]). A space X is an NE-set if and only if X is
approximately movable.

(7.10) Theorem. Let p : X -> (3f, it) be an approximate APOL-resolution

of a compact Hausdorff space X. We assume that all terms Xa have the fixed

point property. If f : X —► X is an NE-map, then f has a fixed point.

Proof. Let f = {/, fa : a £ A) : (3f ,it) -» (3f ,it) be an approximate
resolution of /. Take any a £ A. By (A3) there exists ao > a such that

( 1 ) p;xita > st3 ita'    for any d > a0.

By the assumption, there exists an ax > ao, f(a0) satisfying (i) and (ii) in

(NE)* for a0 and f.
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Take any a' > ax. By the choice of ax, there exists a map ft : Xax -> Xa>

such that

(2) (Pf(ao)aiPaia' >   P/(oo)a' ) < /o¡ ^o >

(3) (faoPf(a0)ai ,   Pa^a'h) < St2 %„•

Since Xa< has the fixed point property, there exists a point Xo G Xa> such

that

(4) hpaia'(xo)=x0.

By (2) and (3),

(5) (faQPf(aü)a' ,   Pa0a'hpaxa') < St3^.

By (1) and (5),

(6) ÍPaaofaoPf(ao)a' »   Paa0Pa0a'hpaía') < %•

Since PaaoPaoa'hpcua-ixo) = Paa0Pa0a'(x0) by (4), by (6) there exists a £/ G ita

such that

(7) PaoofaoPfMa'iXo),   PaaoPa0a'(Xo) G t/.

This means that f satisfies (AFP). Then, by Corollary (3.2), / : X -» X has a
it-ñxed point for any 2^ g Cov(X). Hence, by Lemma (5.10), / has a fixed

point.

(7.11) Corollary. Let X be an approximately movable Hausdorff compactum.

If X has an approximate resolution of polyhedra having the fixed point property,

then X has the fixed point property.

Corollary (7.11) follows from (7.9), (7.7), and (7.10).

(7.12) Remark. Without approximate movability, (7.11) does not hold. For

example, the continua mentioned in Remark (5.18) have approximate resolu-

tions with polyhedra each having the fixed point property, but do not have the

fixed point property.

(7.13) Remark. In [W3] we proved a Lefschetz-type fixed point theorem for

NE-maps. So under the conditions of Question (6.12) any NE-map has a fixed
point. In the special case when X is approximately movable, X has the fixed

point property by Lemma (7.9).

8. Refinable maps and cosmicality

Let (3f,it) = {Xa,K, Paa', A}, (y ,^) = {Yb, Tb, qw , B}, and
(Z, W) = {Zc, Wc, rcci, C} be approximate inverse systems over cofinite di-

rected sets. Let f = {/, fb : ft G B} : (3f, it) -► (y, T) be a system map.
We say that f is an approximate pseudo-isomorphism provided it satisfies the

following condition:

(VftGß)(3a0>/(ft))(Va'>a0)

(API) {3b' > b){3g : Yb' ~* Xa'} (fofW8 ' qw) < st2 ̂

(Vft" > ft')(3a" > a')(3ft : Xa» -» Yb„)

(gQb'b"h,  Pa'a") <st ita>.
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(8.1) Lemma. Let f, f = {/', f'b : ft G B} : (3? ,it) -» (y, T) be approx-
imate system maps. Let f ~ f . If i is an approximate pseudo-isomorphism,

then so is f .

Proof. Without loss of generality we may assume that f = f . Take any bx £ B .

By (A3) there exists a ft > bx such that

(1) qbxbTbx>%X2Th.

There exists an ao > /(ft) satisfying (API) for f and ft . Since f = f , by (AM)
for f and (EM) of [MW] there exists an ax > f'(bx), /'(ft), a0 such that

(2) (fb\Pf'(bi)a' >   Qb¡bfbPf>(b)a') < St 2^

for any a' > ax and

(3) (fbPf(b)a' >   fbPf'(b)a') <$t%

for any a' > ax .
Take any a' > ax.  By the choice of ao there exist a ft' > ft and a map

g : Yb, -> Xai satisfying (API). Then

(4) (fbPf(b)a'g,   Qbb') <st22^.

Take any ft" > ft'. By (API) and the choices of ft' and g, there exist an

a" > a' and a map ft : Xa" -» y¿» such that

(5) (gQb'b"h,   Pa'a")<*tK'-

By (1) and (4),

(6) (Qb,bfbPf(b)a'g,  Qb.bQbb') <%r

By (1) and (3),

(7) (Qb,bfbPf(b)a'g,   Qb,bfbPf'(b)a'g) <^br

By (2),

(8) (fb\Pf'(b,)a'g,   QblbfbPf{b)a-g)<St^br

Since (?M9W., qbib.) < 2% by (Al), by (6), (7), and (8),

(9) (qb,b.,  f^Pf^a'gX^nr

Inequalities (9) and (5) mean that f satisfies (API).

By (8.1 ) we can say that [f] is an approximate pseudo-isomorphism provided

f is an approximate pseudo-isomorphism.

(8.2) Lemma. Let f : (3f ,it) -+ (y ,T) and g: (y, V) -» (Z, W) be
approximate system maps. i/[f] and [g] are approximate pseudo-isomorphisms,

then so is [g][f].

Proof. By Lemma (8.1) and (8.6) of [MW] we may assume that f and g are
uniform. Moreover, by (8.2) of [MW] we may assume that

( 1 ) gf : (3f, it) -► (Z, W) is an approximate map

and

(2) [gf] = [g][f]-
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We show that gf satisfies (API). Take any cx £ C. By (A3) there exists a

c2> cx such that

(3) r-x,WCt > st4 Wc,    for any d > c2.

By (1) and (AM), there exists an ax > fg(cx), fg(c2) such that

(4) (gcJg(c,)Pfg(Cl)a',  rClc2gc2fg(c2)Pfg(c2)a')<stWCi    for any a' > ax.

Since f and g satisfy (API), there exist a fti > g(c2) and an a2 > fg(c2)

satisfying (API) for g, c2 , and for f, g(c2).

There exists an a3 > ax, a2.  Take any a' > a3.  By (A3) there exists an

Ü4 > a' such that

(5) /vi»^4' > st2 itau    for any a" > a4.

Then a¡\ > a2, so by the choice of a2, there exist a ft2 > g(c2) and a map

a : Ybl —> Xa4 satisfying (API). Then

(6) (fg(c2)Pfg(c2)aia, Qg{C2)b2)<st2Tg{C2).

By (A2) and (A3) there exists a ft3 > bx, ft2 such that

(7) db2\,(°rxitai)>%\Thl    foranyft'>ft3,

(8) (Qb2hQhb" , Qb2b") < a~xitai   for any ft" > ft3.

By (API) for g and the choice of ft] , there exist a e3 > c2 and a map ß :

ZC3 —> y,3 satisfying (API). Thus

(9) (gc2Qg{c2)b,ß, rC2C3) < st2 WC2.

Take any c" > c3. By (API) for f and g, there exist a ft" > ft3, an a" > a4 ,

and maps y : Yb„ —> Zc» , 8 : Xa» —> Ybn such that

(10) {ßrC3c"7, flM»)<st2^3,

(11) (aqb2bl.S, pa4a„) <s\itat.

By (6),

(12) (fg(c2)Pfg(c2)ai(*Qb2hß, Qg(c2)b2Qb2bJ)<^2^/g(c2y

By (Al),

(13) (Qg(c2)b2Qb2hß, Qg(c2)b,ß)<^g(c2y

Since g is uniform,

(14) «¿X>*W
By (12), (13), and (14),

(15) (gc2fg(c2)Pfg(c2)a,aQb2b,ß,  gc2<lg(c2)bj)<s13%rc2-

By (9), (15), (3), and (Al),

(16) (W2gc2fg(c2)Pfg(c2)a,aqb2b,ß, rClC3)<st^,.

By (4),

(17) (gcJg^PfgMa^Qb^ß ,  rc,C2gC2fg(C2)pfg(C2)a4aqb2hß) <%\WCx.
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Since (Pfg^a'Pa'a^Pfg^a,) < %fg(Cl) by (Al) and (gcjg^))'1^ > %(C|)
by uniformities of f and g,

(18) (gcJgic^Pfgic^a'Pa'a^qb^ß , gcJg^Pfg^a^qb^ß) < WCr

By (16), (17), and (18),

(19) (gcJg^Pfg^a'Pa'a^Qb^ß,   rc¡ c, ) < St2 WCl.

By (10) and (7),

(20) (aqb2b,ßrC3C»yS, aqb2b}qb}b"ô) <itai.

By (8),

(21) (aqb2b3qb}b"S ,  aqblb,,ô) < Íta,.

By (20), (21), (11), and (5),

(22) (Pa'a,Oiqb2bißrCjCnyo,   pa'a4Pa'a") <Íta'■

Since (Pa'atPa4a" , Pa'a") < ^a' by (Al), by (22) we have

(23) (Pa>a<a.qb2hßrc^yo, pa'a") < st ita<.

Inequalities (19) and (23) mean that m = Pa'a4aQb2b}ß '• zc¡ -» Xa< and « =

yd : Xa" -» Zc» satisfy the condition (API) for gf.

(8.3) Lemma. // [f] : (3f, it) -> (ft, T) is an isomorphism in APROTOP,
then [f] is an approximate pseudo-isomorphism.

Proof. Since [f] is an isomorphism, there exists a morphism [g] : (y, <V) —►

(<r,£0 suchthat

(1) [g][f] = [li*-,*)]   and   [fl[g] = [l(y,r)]-

By (8.6) of [MW] and (8.1) we may assume that f and g are uniform. Then

by (8.2) of [MW] there are 2-refinement functions 5 : A -» A and 5' : B —> B
such that

(2) [g][f] = [J(g)i]   and   [f][g] = [s'(f )g].

By (7.8) of [MW] there exist refinement functions w : A —► A and w' : B —> B

such that

(3) w(s(g)f)=w(l{^^})   and   u/(j'(f)g) = if/(l(^j2n).

Take any ft G B. By (A3) there exists a ft0 > ft such that

(4) a^>st22V

Let (j) = qboW'(ba)qW'(ba)S'w'(bü)fs'w'(b0) ■ Xfs,w,(bo) -* Ybo. By the second formula

in (3) there exists a bx > if/(fto), gfs'w'(bo) such that

(5) (</>gfs'w'(bo)<Igfs'w'(bo)b', Qb0w'(bo)dw'(b0)b') < st 2^0    for any ft'> ft!.

By (AM) for f there exists an ao > /(ft), fs'w'(b0) such that

(6) (Qbs'w'(b0)fs'w'(b0)Pfs'w'(bo)a' > fbPf(b)a') < st %   for any a' > a0.

Take any a' > ao . By (A3) there exists an aj > a' such that

(7) /Va|^>srX.
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Let   y/ = Paxw(ax)Pw(ax)sw(ax)gsw(ax) ■ Ygsw(ax) ~* X<¡r  BY (3) there existS an  a2 >

w(ax), fgsw(ax) suchthat

(8) (vfgsw(ax)Pfgsw(ax)a">   Paxw(ax)Pw(ax)a") < StÍtüx     for any a" > a2.

By (AM) for g there exists a b2> bx,  gsw(ax) such that

(g,     (gfs'w'(b0)agfs'w'(bo)b' >   Pfs'w'(bù)sw(ai)gsw(ai)Qgsw(ai)b') <   st ^/s'iii'(io)

for any ft' > ft2.

Take any ft' > ft2. By (AM) for f there exists an a^> a2, /(ft') such that

(10) (fgsw(ax)Pfgsw(ax)a3 >   Qgsw(ax)b'fb'Pf(b')a3) < St ^gSW{ax)-

Let  a = Pa' sw(ax)gsw(ax)Qgsw(ax)b2 '■ Ybl -» A^/   and  /? = fb'Pf(b')aj '■ Xa¡ —> Ybi .

Since f is uniform, k;' , s' are refinement functions, and (Pfs'w'{bo)a'Pa'sw(ax),

Pfs'w'(b0),sw(a,)) < ^fs'w'(bo)  by (Al),

(11) (<t>Pfs'w'(bo)a'a>   (t>Pfs,w'(ba)sw(ai)gsw(ax)Qgsw(ax)b2) <^b\-

Since f is uniform and s', w' are refinement functions, by (9)

(12) (<j>Pfs'w'{bo)sw(a,)gsw{a,)<]gsww)b2,   <j>gfs'w'(b0)<lgfs'w'{bo)b2) < ^%-

Let A = qbaS'W'(b0)fs'w'{ba)Pfs'w'(b0)a' ■ Xa' -» y¿,0. By (Al) for (|^, 2H

( 1 3) (<t>Pfs'w'(b0)a'(X »   ^ö) < ^¿o '

(14) (<lb0w'(bo)Qw'(bo)b2,   Qb0b2)<%0-

By (14), (5), (12), (11), and (13),

(15) (aèoè2, Aa)<srX.

By (4) and (15),

(16) (Obbolbob,,  Qbb0ka) <%■

By (Al),

(17) (Qbb0Qb0b2, Qbb2) < %b,

(18) (qbboka,   qbs'w'(bQ)fs'w'(b0)Pfs'w'(b0)a'a) <%■

By (6),

(19) (Qbs'w'ib^fs'w'ih^Pfs'w'^a'01^   fbPf(b)a'a) < St 2%

By (17), (16), (18), and (19),

(20) (ftfc,  fbPf{b)a'a) <st2%.

Since s, w are refinement functions and g is uniform, by (10) and (Al)

for (y,T)

(21) (Vfgsw{ax)Pfgsw(ax)a3>   ¥Qgsw(ax)b'fb,Pf(b,)ai)<^al,

(22) (y/co,  y/qgsW(ax)b'fb'Pf(b')a3) <%ax,

where co = qgSw(ax)b2Qb2b'fb'Pf(b')a3 ■ Xa} -> yiJU,(fll)- BV (A1) for (^ ^0

(23) ((//CO,   PaiSU,(ai)&W(a,)<y) < ^V
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Since (pa¡w{ax)Pw(ax)a3, Paxa3) < Kx , by (8) for a" = a3, (21), (22), and (23)

(24) (pa,a3 ,   Paxsw(ax)gsw(ax)Oi) < St2ita¡.

By (7) and (24),

(25) (Pa'axPaxa3,   Pa'axPaxsw(ax)gsw(ax)w) <^a-

By (Al) for (3f,it),

(26) (Pa'axPaxsw(ax)gsw(ax)0},   aQb2b'ß) < %'a-

Since (pa'axPaxa3, Pa'a3) < K by (Al), by (25) and (26)

(27) (Pa'a3,  aqb2b'ß)<stit'a.

Inequalities (20) and (27) mean that f satisfies (API).

Let / : X -» y be a map. Let p : X -* (3f, it), p' : X — (3f, it)',
q : y -f (|r", 2H, and q' : y -» (^, 2H' be approximate APOL-resolutions,

respectively. Then we have the following lemma.

(8.4) Lemma. Let (p, q, f) and (p', q', f) be approximate APOL-resolutions

of f. Then f is an approximate pseudo-isomorphism ij and only if f is.

Proof. By (1.15) there exist approximate resolutions (p, p', u), (q, q', v), and

(p,q',h) of \x, ly, and f, respectively. Thus by (1.17) [f][u] = [h] =
[v][f ]. By (1.18) [u] and [v] are isomorphisms. So if [f] is an approximate

pseudo-isomorphism, then [f] = [v][f][u]_1 is also an approximate pseudo-

isomorphism by (8.2) and (8.3). The converse follows in the same way.

By (8.4) we may say a map / : X —► Y is an approximate pseudo-isomorphism

provided some/any of its approximate APOL-resolutions is an approximate

pseudo-isomorphism.

(8.5) Lemma. Let (3f,it),(y , W) and f : (3f,it) — (y ,°^) be approx-

imate inverse systems and an approximate system map in the sense o/[Wl],

respectively. Then f satisfies (API) if and only if it satisfies the following condi-

tion:

(Vft G B)(W > f(b))(3b' > b)(3g : Yb, - Xa.)

(APIU (fbPf(b)a'g,  Qbb>)<*tVb

(Vft" > fti)(3a" > a)(3h : Xa" -> Yb„)

(gqb'b"h,  Pa'a") <ita..

Proof. Note that (3?,it),(y, eV) are approximate commutative inverse sys-

tems and f is uniform by (AM2) of [Wl].
We show that (API) implies (API1). Take any ft G B and a £ A with

a > /(ft). By (A3) there exists a fto > ft such that

(1) a¿2^>srX.

By (AM2) of [Wl] there exists an ax > /(ft), /(ft0) such that

(2) (fbPf(b)ax,   Qbb0fb0Pf(b0)ax) <%■

By the assumption, there exists an ao > /(fto) satisfying (API) for fto . By (A3)

there exists an a2> ao, ax, a such that

(3) Paa\K>StÍta2.
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By the choice of ao , there exist a fti > ft0 and a map g : Yb¡ —> Xa2 such that

(4) (fbaPf(b0)a2g ,   <lb0bx ) < St2 2% ,

and satisfying (API) for ao, bx , and g. Take any ft' > bx. By the choices of

ao, fti, and g, there exists an a3 > a2 and a map ft : Xaj -> Yb> such that

(5) (gQbxb'h,   Pa2a3) <%tita2.

Let a = Paa2g '■ Yb¡ -> A^. Since (J^, 2^) is commutative, by (1) and (4)

we have

(6) (Qbbofb0Pf(b0)a2g ,   Qbbx) < %■

Since (Jf, it) is commutative, by (2)

(7) (fbPf(b)a<X,   Qbb0fb0Pf{b0)a2g) <%■

By (6) and (7) we have

(8) (fbPf(b)aot, qbbx)<stVb.

Since (3f, it) is commutative, by (3) and (5) we have

(9) (aqb¡b'h, paa3) < %•

Thus (8) and (9) mean that f satisfies (API1).
Finally, we show that (API1) implies (API). This is done by taking ao = /(ft)

for any ft G B in (API).

Let / : X -> y be a map. Let it £ Cow(X). We say that / is a it-map

provided for each y £ Y , f~x(y) C U for some U £ it. We say that / is a

refinable map provided / is onto and it satisfies the following condition: For

any it £ Cov(X) and 2^" G Cov(y) there exists a map g : X -> Y such that

g is a it-man and (/, g) <'V.
Clearly, the above definition of refinability for a map between compact metric

spaces is equivalent to the original one of Ford and Rogers [FR].

(8.6) Theorem. If f : X —> Y is a refinable map between compact Hausdorff

spaces, then f is an approximate pseudo-isomorphism.

In Chapters 21 and 27 of [W] we investigated property (API1) for approxi-

mate system maps in the sense of [Wl]. Also we showed that any approximate

resolution in the sense of [Wl] of a refinable map between compact Hausdorff

spaces satisfies (API1). Thus by (8.5) we have (8.6). Koyama [K] generalized

(8.6) to locally compact paracompact spaces in the commutative case. So (8.5)

and his proof also yield a proof of (8.6). Since his proof has been published,

we omit our proof.

(8.7) Theorem. Let f : (3f, it) —> (y, "V) be an approximate pseudo-isomor-

phism. If (3f, it) satisfies (AC), ifte« so does (y, T).

Proof. Take any ft G B and a T £ Co\(Yb) such that st2^ < Tb . There exists
a fti > ft such that

(1) ^!(^)>st32^,    for any ft'> ft,,

(2) (Qbb'Qb'b" , Qbb") < V   for any ft" > ft' > bx.
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There exists an a2> f(bx) such that

(3) P]tbx)a'ifbxX^bx)>K'    foranya'>a2,

(4) (Pf(bx)a'Pa'a" , Pf(bx)a") < fb~{^bx    for a" > a' > a2.

By the assumption, there exists an a3 > a2 satisfying condition (AC) for

(3f, it) and a2. Since f is an approximate pseudo-isomorphism, applying

Lemma (8.5), there exist a b2 > bx and a map g : Ybl -* Xa3 and for each

ft3 > ft2 there exist an a* > a3 and a map ft : Xat —> Ybi such that

(5) (fbxPf(bx)a3g,   Qbxb2)< st2 2^,,

'-a3-(6) (gQblb3h,   Pa3a4) <st

Take any map a : Ybj -» Ybl. We may consider a' — gah : Arfl4 -> XUi. By the

choice of a3, there exist a point xo G Xa¡ and a Uq£ %2 such that

(7) Pa2a3Pa3a4(Xo) ,   Pa2a3Ot'(x0) £ U0.

By (3) and (7), there exists a V0 £ Tbx such that

(8) fbxPf(bx)a2Pa2a3Pa3a4(Xo),   fbxPf(bx)a2Pa2a3a'(Xo) £ V0.

By (4),

(9) (fbxPf(bx)a2Pa2a3,   fbxPf(bx)a3) < ^6, •

Thus, by (9), there exist VX,V2£ %{ such that

(10) fbxPf(bx)a2Pa2a3Pa3a4(Xo),   fbxPf(bx)a3Pa3a4(Xo)£V\,

(U) fbxPf(bx)a2Pa2a3a'(Xo),   fhxPf(bx)a3a'(Xo) £ V2.

By (3) and (6),

(12) (fbxPf(bx)a3gQb2b3h,   fbxPf(bx)a3Pa3a4) <%x-

By (5),

(13) (fbxPf(bx)a3gah ,  qbtb2ah) < st2 2% ,

(14) (fbxPf(bx)a3gQb2b3h,  Qbxb2Qb2b3h) < st2 2%.

By (12), (13), and (14), there exist V3 £ Tb¡, V4, V5 £ st2 Tbi such that

(15) fbxPf(bx)a3gQb2b3h(Xo),   fbxPf(bx)a3Pa3a4(Xo) £ V3 ,

(16) fbxPf(bx)a3a'(xo),  qbxb2c*h(xo) £ K4,

(17) fbxPf(bx)a3gQb2b3h(xo), Qbxb2Qb2b3h(xo) G F5.

By (16), (11), (8), (10), (15), and (17), there exists a K6 g st32% such that

(18) qbxblah(xo),  %b2Qb2b3h(x0) £ V6.

By (1) and (18), there exists a V7 £V such that

(19) Qbbxqbxh2ah(x0),  gMlqbxb21b2b3h(x0) G V7.
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By (2), there exist Vs, V9 g 2^ such that

(20) <lbbx<lbxb2<xh(xo), qbblah(xo) £ Vs,

(21) QbbxQbxb2Qb2b3h(xo), Qbb2Qb2b3h(xo) G V9.

By (20), (19), (21), and the choice of T, there exists a V £ Tb such that

(22) qbb2ah(xo),  Qbb2Qb2b3h(x0) £ st(K7 ,%)cV.

Therefore, we put yo = h(xo) ; then (22) means that ft2 satisfies condition (AC)

for ft. Hence, {ft, T) satisfies (AC).

(8.8) Corollary. Let f : X —> Y be a refinable map between compact Hausdorff
spaces. If X is cosmic, then so is Y.

We consider the question:  Does a refinable map preserve the fixed point

property? The next example gives a negative answer to this question.

(8.9) Example. There exists a refinable map / : X —> Y between compacta

such that X has the fixed point property, but Y does not have it.

Proof. We shall use the same notation as in Example (5.19). Let X = ft0ao U

*((*.*)) = {£;

aoai Uaifti U (J ft,ft,+i be a continuum in R2. Let Y = CoOoliaoax Uaxcx DcoCX be
1=1

a continuum in R2. X and Y are the Warsaw circle and a circle, respectively.

We define a map n : R2 —> R2 as follows:

(x,0)   ify>0,

y)   ify<0.

Clearly n is continuous and n(X) = Y . Let / = n\X : X —* Y. We show that

Claim, f is a refinable map.
Take any e > 0 and then there is an integer « with ¿ < e. We put ftj =

(l-¿í,l)ei?2.Wepui

_ _    2«_

Zn+X =ft2„+iC0Uc^uäöä7UäTcrucift5 uft{ft2U [jbjbj+i cR2.

We define a map r2„+i : X —> Z2n+X as follows:

í (s&T.JO forO^x^^,  0<y<l,

(%¡£y + i>y) for^<^<1' o<y<i,

(l-2nTî>y)      forx=l, 0<y<l,

(x, y) otherwise.

Finally, we put / = nr2n+x : X —► Z2n+X -* Y. By definition, d(f, f£) < e
and / is an e-mapping. Thus / is a refinable map.

It is well known that X has the fixed point property (Theorem 13 of [B]),

but y does not. Hence, the refinable map / does not preserve the fixed point

property.

9. Hyperspaces and the fixed point property

In 1952, Knaster raised the question of when does the hyperspace C(X) have

the fixed point property (see Chapter VII of [N]). There have been a number

r2n+\((x,y)) = <
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of positive and negative results given for this question in the compact metric

case. Here we extend some of these results to the compact Hausdorff case as an

application of the theorems obtained in §5.
Let X be a compact Hausdorff space. Let 2X be the set of all nonempty

closed subsets of X. Let C(X) be the set of all nonempty closed connected

subsets of X.
Let UX,U2, ... , Un be open subsets of X. Let (Ux, U2, ... , Un) — {K £

2X : K c U"=i Ui and U¡ n K ¿ 0 for each z, 1 < i < «}. Then, 3S =
{(Ux, U2,... , Un) : Ui,... , U„ are open subsets of X and «=1,2,...}

is a basis of the Vietoris topology of 2X . Let C(X) be a subspace of 2X . 2X

and C(X) are hyperspaces of X.

Let it be an open covering of X. Let (it) = {(Ux ,U2,... ,U„):UX,U2,
... ,Un £it and «=1,2,...}. Morita [Mo] has proved that {(it) : it £

Cov(.Y)} is a uniformity of 2X. By the uniqueness of the uniformity on a

compact Hausdorff space, we have

(9.1) Lemma (see (3.1) of [W3]). 77ze uniformities {(it) : it £ Cov(.Y)} and

Cov(2*) are equivalent, that is, for each W £ Cov(2*) there exists a it £

Cov(A-) such that (it) <W.

Let / : X —> y be a map between compact Hausdorff spaces. Then /

induces maps / : 2X -» 2Y and / : C(X) - C(Y).

(9.2) Lemma (see (3.2) of [W3]). Let it G Cov(JT) and T g Cov(y).  //
f~lV > it, then (f)~xC^)) > {%) for f:2x->2Y. Similarly, this holds for

f:C(X)-+C(Y).

(9.3) Lemma (see (3.4) of [W3]). Let /, g : X -> Y be maps and T g
Cov(y). If(f,g)<T-, then (f,g)< (2H for /, g : 2X - 2Y. Similarly,
this holds for f,g: C(X) -+C(Y).

Let (3?, it) = {Xa , ita , Paa', A) be an approximate inverse system of com-

pact Hausdorff spaces Xa . Thus, we define 2(<r'^' = {2Xa, (ita), paa,, A) and

C(3f, it) = {C(Xa) , (ita)\C(Xa) , Paa' , A} .

(9.4) Lemma. If(3f,it) is an approximate inverse system, then so are 2^' ^

and C(3f,it).

Proof. We must show the conditions (A1)-(A3) for 2(,r''®">.

Since (3f, it) is an approximate inverse system, it satisfies (A1)-(A3). By

(Al) for (3?, it), for a < a' < a" , (paa'Pa'a" , Paa") < % • Since Jjgj = f-g

for / : X -► y, g : Y -> Z , by Lemma (9.3), (paa'Pa'a" , Paa") < ^ta) ■ Thus

2(JF,20 satisfies (A1).

To show (A2) for 2(<r'^', take any a £ A and any it £ Cov(2*0). By

Lemma (9.1), there exists a W g Cov(Xa) such that

(1) CT)<it.

By (A2) for (3f, it), there exists an a! > a such that

(2) (PaaxPaxa2, Paa2) < t^   for any a2 > ax > a'.

By Lemma (9.3), (1), and (2),

(3) (PaaxPaxa2, Paa2) < (T) <it   for any a2 > ax > a'.

Hence, by (3), %*<*) satisfies (A2).
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To show (A3) for 2^'W\ take any a £ A and any it £ Cov(2x*). By

Lemma (9.1), there exists af e Cov(Xa) satisfying (1). By (A3) for (3f ,it),

there exists an a! > a such that

(4) ita" < P~a"^   for any a" > d.

By Lemma (9.2), (4) and (1),

(5) (K")<(Paa")-\(^))<(Paa")-\^t)    for any a" > d.

Hence, by (5), 2(^,^) satisfies (A3). Therefore, 2^-^ is an approximate in-
verse system. Similarly, we can show that C(3f, it) is an approximate inverse

system.

Let p = {pa : a £ A] : X —> (3f, it) be an approximate map. p induces the

collection of maps p = {pa : a £ A) : 2X -> 2^^ and also p = {pa '■ a £ A} :

C(X)^C(3f,it).

(9.5) Lemma. If p : X —> (3f, it) is an approximate map, then so are p :
2X _ 2(*,V)   and  j . C(X) _+ Qtap > ̂ ) .

Proof. We show that condition (AS) of (1.7) is satisfied. To do so, take any

a £ A and any it £ Cov(2x"). By Lemma (9.1), there exists af e Cov(Xa)

such that

(1) (T)<it.

Since p : X —► (3?, it) is an approximate map, it satisfies condition (AS).

Thus, there exists an a! > a such that

(2) (Paa"Pa" , Pa) < 2^   for any a" > a'.

By Lemma (9.3), (2) and (1),

(3) (Paa"Pa" , Pa) <(^)<it   for any a" > a'.

By (3), p : 2X -> 2<*'*) satisfies (AS). Similarly, p : C(A") -» C(â",^)
satisfies (AS).

(9.6) Lemma. Let f : X —> Y be a map.

(i) IfT £ Cov(T), zfte« (/)-'((^>) < (f~1^) for f : 2X ̂  2Y and
f:C(X)^C(Y).

(ii) Let it £ Cow(X) and T £ Cov(y). If f-xT <it, then (f)~x((^))
< (it) for f:2x^2Y and f : C(X) -+ C(Y).

Proof. We show (i) and (ii) for only / : 2X -> 2Y . We first show (i).

Take any Kx, ... , V„ £ T and any K £ (f)~x((Vx, V2, ... , Vm)). Since

f(K) = f(K), f(K) £ (Vx, V2 , ... , VH). Thus,

(1) f(K)cVxUV2\J---UVn,

(2) f(K) nVj¿0   for any 7 , 1 < 7" < «•

By(l),

(3) Kcf-xVxuf-xV2U---l)f-xVn.
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By (2),

(4) K n /"' Vj Ï 0   for any j, 1 < j < n.

Equations (3) and (4) mean that

(5) K£(f-xVx,f-xV2,... ,f~xVn).

Thus, by (5), we have

(6) (f)-\(Vx,V2,... ,Vn))c(f-xVx,f-xV2,... ,f~xVn).

Since (f-xVx,f~xV2,... , f~xVn) g (f~xT), (6) means that (f)~x((^)) <
(f~x^). Thus we have (i).

We now show (ii). Since f-X!V < it,

(7) (f-xT) < (it).

By (i) and (7), (f)~x((T)) < (f~xT) < (it). Hence (fTx((T)) < (it).
Hence we have (ii). Similarly, (i) and (ii) hold for / : C(X) -> C(Y).

(9.7) Lemma. Let f : X -» Y be a map. Let S c X and T c Y be subspaces.

Let it £ Cov(X) and T g Cov(y). // f(S) c st(7\ <V) and f~xT > stit,

then f(st(S, %tit)) c st(7\ st2H.

Proof. Take any x G st(-S, st it). Since it is an open covering of X, there

exists a Ux G it such that

(1) X£UX.

Since x G st(S, st^), then Ux n st(S, %tit) ¿ 0, i.e., there exists an xi G
Ux n st(5, st^). Then, there exists a U2 £ it such that

(2) xx£*t(U2,it)

and

(3) Snst(U2,it)¿0.

By (3), there exists an x2 G S n st((72, it). Since f~XcV > stit > it, there

exist Vx, V2 £ T such that f~xVxD Ux and f~lV2D st(U2, it). Then,

(4) Vx d f(Ux)   and    V2 d f(st(U2, it)).

Since /(5) C st(7\ V), then /(x2) g st(7\ V). Thus, there exists aF3ef
such that

(5) /(x2) G V3   and    F3 n T # 0.

By(l), (4), (2), and (5),

(6) /(x) G st(K2, T)   and   st(K2 ,T)nT±0.

This means that f(x) G st(7\ stT). Hence, /(st(S, st80) c st(7", st2H.

(9.8) Lemma. Let it,  T £ <Zov(X).

(i)   st((3^»<(st^).
(ii) If stT' < it, then st((2^)) < (it).
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Proof. We show (i). Take any (Vx, ... , Vn) £ (T). We show that

(i) *t((vx,... ,v„),cr))c(wx,... ,wn).

Here Wi = st(V¡,T), i =1,2,... ,«. Take any K£st((Vx,... , Vn), (T)).
Thus, there exists an {V{, ... , V^) £ (T) such that

(2) K£(VX',... ,V¿)

and

(3) (vx,v2,... ,vn)n(v{, v{,... ,vü¿0.

By (3), there exists an L £ (Vx, V2, ... , Vn) n (V( ,V{,... , K¿). Thus,

(4) ¿c^'u-uf;,

(5) Lnvj¿0   foTj,l<j<m,

and

(6) LcVxU---UVn,

(7) LnV¡¿0   for z", 1 < z'<«.

Take any i, 1 < i < n . By (4) and (7), there exists a z¡ € LC\V¡ C LcVfU
•••UF¿. There is a j(i), 1 < j(i) < m, such that z, G V¡(i), i.e., K-n^,., # 0,

in other words,

(8) Vm c st(^, T) = Wi   for each z, 1 < z < «.

By (2),

(9) tfcF7urçu-.-UF£,

(10) /: n F/ ^ 0   for 7 = 1, 2, ... , m.

By (8) and (10), 0¿Kn Vj{i) cKnW¿, i.e.,

(11) KnW,^0   for each i, 1 < i < n.

Take any j, 1 < 7 < m. By (5) and (6), there exist xj £ LnVj c L c

Vx U V2 U • • • U V„ . There exists an z'(7), 1 < i(j) < n , such that x¡ G V¡y), i.e.,
V¡ n ViU) + 0 . Thus,

( 12) V¡ c st( ViU), 2H = Wi(])   for each 7 , 1 < j < m.

By (9) and (12),

(13) KcWxö---UWn.

Thus, by (11) and (13), K £ (Wx, W2, ... , W„). Hence, we have (1).
Since Wi = st(*/, T) £ st2^, (1) means that st((2^")) < (st2H. Hence we

have (i).
We show (ii). By (i), we have st((2H) < (st2H < (it). Hence we have (ii).
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(9.9) Lemma. // p : X —> (3f, it) is an approximate POL/ANR-resolution,

then p : 2X -» l&M and p : C(X) -» C(<T, it) are ANR-resolutions.

Proof. First, we consider p : 2X — 2& M. Since p : X -* (3f, it) is an

approximate resolution, it is an approximate map. By Lemma (9.5), p : 2X —*

2(á",20 is an approximate map. Thus, by (1.12), it is sufficient to show condi-

tions (Bl) and (B2) hold for p.
We first show that (Bl) holds for p. Since p : X —* (3f, it) is an approxi-

mate resolution, by (1.12), p satisfies (Bl) and (B2). Take any it £ Cov(2jir).

By Lemma (9.1), there exists a 2^ G Cov(X) such that

(1) (T)<it.

By (Bl) for p : X -> (3f, it), there exists an a £ A such that

(2) p-}ita'<T   for any a' > a.

By (2), Lemma (9.6), and (1),

(3) (pa,yx((ita'))<(T) <it   for any a' > a.

This means that p : 2X —> 2^-^ satisfies (Bl).
We now show that (B2) holds for p. We assume that p does not satisfy

(B2)* (since by (4.10) of [MW], (B2) and (B2)* are equivalent). Thus, there
exists an ao G A satisfying the following condition: For any a' > ao , there is a

ß(a') > a' such that

(4) Pa,ß(a')(2X^) <t St{Pa0(2X) , St3<%0)).

By (4), there exists a Kß{a') £ 2^'> such that

(5) Paaß(a')(Kß(a')) = Paaß(a')(Kß(a'))   í  St(pao(2X) , St3(Ítao)).

We put Sa< = {Pa'ß(a")(Kß(a")) '■ a" £ A with a" > a'} for a' > ao. We show

that

(6) Paxa2(Sa2) C st(Sax , (itüx))   for a2 > ax > a0.

To do so, take any a" > a2. Thus, ß(a") > a" > a2 > ax . Since 21*'*)

satisfies (Al) by Lemma (9.4), (paxa2Pa2ß{a"), Paxß(a")) < {Kx) ■ Thus

Paxa2 {Pa2ß{a")(Kß{a"))) , Paxß(a")(Kß(a")) G (UX , U2 , . . .   , U„)

for some (Ux, U2, ... , U„) £ (itax). Therefore,

Paxa2{Pa2ß(a")(Kß(a"))) G St(pa{ß(a")(Kß(a")) , (Kx)) C St (S'a, , (%,))■

Hence, we have (6).

Let A' = {a £ A : a > ao}. Since A' is cofinal in A, p' = {pa : a £ A'} :

X —» (3f, it)' = {Xa, ita, Paa', A'} is an approximate resolution of X . Thus

we may assume that A = A', i.e., A has a minimum index ao satisfying (4).
*

Now, we introduce a new ordering < in A as follows: let a, a' £ A. We

put a < a' provided (i) a = a' or (ii) a < a', a / a', and

(7) Pal-^a > stita"    for any a" > a'.
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Note by the definition of <

(8) a < a', ai a', and a' < a"   imply   a < a",

and by (A3)

(9) for each a £ A, there exists an a' £ A such that a < a'.

Put A* = (A, <). By (8), it is easy to show that

(10) p* = {pa : a £ A} : X -> (3f, it)* = {Xa , ita, /w , A*}

is an approximate resolution.

Let a<d . Since Pa~a\,ita > $tita" by (7), Lemmas (9.2) and (9.8) imply that

(Paa")-X(K) > (Stita") > %t(Íta") , i.e.,

(11) (Paa-)'1 (i^a)) > ^Wa")   for any a" > a'.

By (6), (11), and Lemma (9.7),

(12) Paa' (st(Sa,, 81«%.»)) C st(5a , st((%»)    for a<a'.

Since Sai1 0, Pa = st(Sa , st(ita)) is a nonempty compact Hausdorff space

for each a £ A*. We show that

(13) r = {Ta,(&a)\Ta,Paa.\Ta,,A*}

is an approximate inverse system of nonempty compact Hausdorff spaces.
*

By (12), paa'(Ta1) C Ta for any a < a'. Thus ET is well defined. We need

toshow(Al)-(A3) for y.
Since (3f ,it)* is an approximate inverse system, so is 2^'^>* . Then

2(^,wy satisfies (A1)-(A3). (Al) for ¥ follows from (Al) for 2<*'*>* .
To prove (A2) for y, take any T g Cov(Ta) for any a £ A. Let T =

{Vx, ... , Vn} . Then there are open subsets U¡ c 2Xa such that

(14) f/,nra = ^    for /= 1,2, ... , «.

Since ra is closed in 2Xa, it = {Ux, U2, ... , Un) U {2Xa - Ta} is an open

covering of 2Xa. By (A2) for 2^'^* , there exists an a' > a such that

(15) (Paax ITaxPaxa21Tai ,   Paa2\Tai)<it    for ß2 > a, > a'.

Since paa'(Ta') cTa for a' > a , (15) means that (AiaJTa.Ai.aJTflz. ^21^) <

2^" for a2> ax> a' in ^. Thus, we have (A2) for J'.

To prove (A3) for !T, take any 2^ G Cov(ra) for any a £ A . By the same

way as in (A2) for Of, we define an open covering it £ Cov(2Xa). By (A3) for

2(^,äo* > there exists an a' > a such that

(16) (Paa")~X% > (%")   for a" > a'.

Since paa"(Ta") C ra for a" > a' and ^|Ta = {(7 n Ta : U £ it) = 2^, (16)

implies that

(17) (Paa-r1^ > (K"\Ta")    for a" > a'.
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This means that y satisfies (A3). Hence y is an approximate inverse system,

i.e., we have (13).
Since y is an approximate inverse system of nonempty compact Hausdorff

spaces Ta , by (4.1) of [MW] limy i 0 . Let t = {ta : a £ A*} : limy -» y
be an approximate limit. Take any M £ limy and put Ma = ta(M) for

a £ A*. Thus,

(18) Ma = lim{paa'(Ma') : a' £ A* with a' > a}

in Ta for each a £ A*. That is, for each a £ A* and each it g Cov(2-Ya) there

exists a y(a, it) £ A* such that y(a, it)> a and

(19) /W(Jl/fl.)est(Mi,20   for a'> y (a, it).

Let j8(a) = y(a, (ita)) for each a G A*. We show that

(20) Paa'(Ma,)d%t(Ma,ita)   fora'>ß(a).

By the choice of a', paa'(Ma') £ %t(Ma, (ita)). Thus, there exists (Ux, U2,

... , Un) £ (ita) such that

(21) paa'(Ma'),Ma£(Ux,U2,...  ,Un).

By (21),

(22) paa-(Ma-)UyV7aci7,U(72U---UL/„,

(23) Ma n U, i 0   for z, 1 < z < «,

(24) Paa' (Ma' ) D U¡ i 0    for i, 1 < z < «.

By (23), (7i U • • • U Un c st(Afa, ^). Thus by (22), paa'(Ma') C Ux U •• -U U„ C
st(Ma, it), i.e., we have (20).

** **
We introduce an order < in A as follows:  a < a' provided (i) a = a! or

(ii) a i a', ß(a) < a'.
Note that

(25) a < a', ai a', and a' < a"   imply   a < a",

(26) for each a £ A, there exists an a' £ A such that a < a', a i a'.

Put A** = (A,<). By (25) it is easy to show that

(27) p** = {pa : a £ A} : X -» (3f, it)** = {Xa , ita, paa', A**}

is an approximate resolution.
** *

Since a < a! implies a < a' by the definition,

(28) p-^K > stita"    for a" > a'.

By (20), (28), and Lemma (9.7),

(29) /W (st(Ma<, st$ta>)) c st(Ma, stita)   for a' > a.

By (29), (S?, ^|L) = {La,  %|La, paa'\La', A**} is an approximate inverse

system. Here La = st(Ma, st%).
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Let n = {na : a £ A} : \im3f -* 3f and n' = {n'a : a £ A} : lim^f -» S?
be the canonical approximate inverse limits. By definition, n{La : a £ A} D

lim J? c lim Jf c l~l{Xa : a £ A} and n'a = na\ lim^f. na is induced by the

projections na : UXa -> Xa .

Since p : X -> (J*7, ̂ ) is a resolution of compact spaces, by (9.1) of [MW]
it is a limit. Thus there exists a homeomorphism / : Um3f —> X such that

(30) paf = na   for each a £ A.

Now let L = /(lim^) c X. Since lim.2* is compact by (5.1) of [MW], L is
also compact, i.e.,

(31) Lg2*.

By (30), p|L = {pa\L : a £ A] : L -* (J?, it\Sf) is also an approximate inverse

limit. By (4.2) of [MW],

(32) p|L : L —> (S?, it\Sf) is an approximate resolution.

By (B2) for p|L, there exists an ax > ao such that

(33) Paoa"(La") C st(/?ao(L), it^)   for any a" > ax.

Let it = {/J!, ... , <7m} e Cov^aJ  and put {U{,... , U„} = {(7, G ^ :
(7, n PaoL t¿ 0} . We show that

.„ „. there exists a2> ax such that
(34)

Pao(L), Paoa"(La") £ (Ux, ... , U„)   for any a" > a2.

Take any z, 1 < z" < «. Since (7, npao(L) 9¿ 0, there exists an x =

(xa») G L such that p^x) = xao G U¡. Since x G L = \\n\2t, xa =

lima»>a0Aj0a"(-:,i:a") • Thus, there exists an a2 > ai such that

(35) Paa"(xa") G (7,   for any a" > a2.

Take any a2 > a\, af, ... , a" . Take any a" > a2 . By (35),

(36) Ui r\Pa0a"(La") i 0    for any i = 1,2, ... , «.

Since Pa0a"(La") C st(/;ao(L), %0) = Ux U • •• U U„ by (33), (36) means that

(37) Paoa"(La"), Pa0(L) £ (Ux, ... , U„)   for any a" > a2.

Thus (37) implies (34). Hence, (34) means that

(38) lim Pa0a"(La»)=Pa0(L)     in2*«o.
a ">a0

Next, we show that

(39) lim Paoa"(La") = Mao     in 2V
a">ao

Take any it ,T £ Cov(Xao) with st2^ < 2/. By Lemma (9.8), st(2^) <
(it). Take any (Vx, ... , V„) £ {T) such that M^ £ (Vx, ... , V„). By the
definition of M^, lima»>aopaoa»(Afa/') = M^ . Thus, there exist an ax > Oo

such that for any a" > ax

(40) Paoa"(Ma")£(Vx,...  ,Vn).
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By (Al), there exists an a2> ax such that

(41) Pä0a"^ > st2 %"    for any a" > a2.

Take any a" > a2 and put st(Ma», st%») = UXU---\JUS, i.e., (7, Gst%», UjD

Ma" i 0 . Thus

(42) A7a» c st(Ma» , st%») = Ux U • • • U Us = L>.

Since üj C st(Uj, %»), by (42)

Ma» , La» G <st(C/i, st%»), st(f72, st%»),... , st(Us, stita-))

(    ' G(st2%»).

By (41) there exist V{,... ,VJ £T such that p^^fT,-, st%»)) c Vj for

7 = 1,2,... , s . Then

(44) Paoa"(Ma"),   Pa0a"(La") £ (V{ , . . .   , Vj) £ (T).

By (40) and (44), (Vx,... , Vn) D {VJ, ... , VJ) i 0 . Thus, since st(2^) < (it)

Pa,a"(La") £ %t(Ma, , St(^>) C St(71/ao , (it)).

This means (39).

Since Ma, £ T^ = st(Sao, st(%0)) and 5ao C 2^ -51(^(2^), st3(%0)) (see

(5)), then Ma, £ 2X°« - st(/3ao(2^), <%„)), i.e.,

(45) Mao i pao(2x).

By (38) and (39) Mao = limpaoa»(La») = pao(L) £ pao(2x), i.e., Ma, £ pao(2x).

This contradicts (45). Hence p satisfies (B2). Hence p : 2X —> 2(,r,^) is an

approximate resolution. Since Xa is a locally connected metric compactum,

2Xa is an ANR and so p : 2X -> 2(,r -^ is an ANR-resolution.

Next we must show that p : C(X) -* C(3f, it) is an approximate resolu-

tion. When, in the previous proof, we replace 2X and 2(<r-^) by C(X) and

C(^, it), respectively, we can use our previous proof for this purpose. We

must show that conditions (Bl) and (B2) hold. We can easily show (Bl) as

before. To show (B2) we must pay attention to connectedness in the previous

proof of (B2). Since the Xa are polyhedra or ANR's, they are also locally con-

nected. Making use of the cofiniteness of the index set, we may assume that

all coverings ita consist of connected open sets. Therefore, in the proof of

the condition (B2), since Ma £ C(Xa), we have La = st(Afa, st%ta) are con-

tinua. Thus, by the following Lemma (9.10), L = limJif is a continuum. In

the same way as before, we obtain a contradiction. So we have (B2). Thus,

p : C(X) -» C(3f, it) is an approximate resolution. Hence we have completed

the proof of (9.9).

(9.10) Lemma. Let p : X -» (3f', it) be an approximate resolution. Let X

and all Xa be compact Hausdorff spaces. If all the Xa are connected, so is X.

Proof. We assume that X is not connected. Then X has at least two compo-

nents, Xx and X2. Since X is compact, components are quasi-components.

Thus there is an open-closed subset U of X such that Xx c U, X2 c X - U.
Let it = {U, X - U} £ Cov(X). By (Bl), there exists an a0 G A such that

(i) pÄ<^-
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Put ita, = {Uß : ß G B}. Put Bo = {ß G B : p~xUß c U) and Bx = {ß G

B,p-lUßcX-U}. Since the elements of it are disjoint, by ( 1 ) B = 50 U ßi

and /J0nßi = 0 . Moreover, W0 = \J{Uß : ß £ B0} and Wx = (J{^ : ß £ Bx\

are open in Xa, and W^U^i = Xa,, W0nWx = 0. Since Xx i 0 and X2 i 0,

then Woi 0 and Wx i 0 . This is a contradiction, since we have obtained the

disconnectedness of Xa,. Hence X must be connected.

By Theorem (5.13) we have

(9.11) Theorem. If X is a Hausdorff continuum with an approximate reso-

lution p : X -> (3f, it) such that the induced resolution p : 2X —> (2(jr'^)

(or p : C(X) -» C(Jf, ^)) ¿s a cosmic approximate ANR-resolution, then

2X (C(X)) has the fixed point property.

(9.12) Corollary. If X is an arc-like (or circle-like) Hausdorff continuum, then

C(X) has the fixed point property.

Proof. Since X is arc-like (circle-like) there is an approximate resolution p :

X -> (3f, it) where all the coordinate spaces are arcs (circles) and the bonding

maps are surjective. Then by an argument due to Rogers [R, Theorem 4] paa' '■

C(Xa') -> C(Xa) is a cosmic map between 2-cells. So p : C(X) -» C(3f, it)

is a cosmic approximate ANR-resolution. Therefore by (9.11) C(X) has the

fixed point property.

(9.13) Corollary. If X is a locally connected Hausdorff continuum, then 2X

and C(X) have the fixed point property.

Proof. We consider only 2X, the case of C(X) is similar. By Theorem 2 of

[M2] X is the (inverse) limit of a monotone system of locally connected metric

continua X. We consider X as an approximate system

3f = {Xa , ita , paa' , A} ,

where paa' '■ Xa* —> Xa is a monotone surjective map of locally connected metric

continua.

Then we have paa' '■ 2X°' —> 2Xa is a cosmic map of ANR's by Theorem 2.3

of [N2]. Therefore p : 2X —> 2(,r -^' is a cosmic approximate ANR-resolution

and by (9.11), 2X has the fixed point property.

Remark. The above corollary was known in the metric case since the hyper-

spaces are AR's in that case.

The following was obtained by Nadler in [N2] for the metric case.

(9.14) Corollary. Let X have an approximate resolution (3? ,it) where each

Xa is a Peano continuum and for each a £ A there is a subcontinuum ya< of

Xai for all a' > a such that paa'\Yai : Ya* —► Xa maps Ya' monotonically onto

Xa. Then 2X and C(X) have the fixed point property.

Proof. We consider only 2X , since C(X) is similar. By Theorem 2.3 of [N2]

(Paa'\Ya') '• I?" —* 2*" is cosmic. Since (paa'|ya<) = paa'|2r«' , each /5aa<|2r°' :

2Ya' —► 2Xa is cosmic, hence so is paa' '■ 2X"' —* 2Xa (see Proposition 5 of [H]).

Since each Xa is a Peano continuum, each 2Xa is an AR, so by Theorem (9.11)

we have 2X has the fixed point property.
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