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ABSTRACT. We define a condition for approximate inverse systems which im-
plies that the limit of the system has the fixed point property. Moreover, this
condition is categorical in the approximate shape category. We investigate the
class of complex projective n-space like continua with respect to the fixed point
property by means of this condition. As a further application we show that
the hyperspace C(X) of nonempty subcontinua of an arc-like or circle-like
Hausdorff continuum X has the fixed point property. We also prove that 2%
and C(X) have the fixed point property for any locally connected Hausdorff
continuum X .

INTRODUCTION

Recently Mardesi¢ and Rubin [MR] defined a generalization of the classical
notion of (commutative) inverse limits called approximate limits. In addition,
Mardesi¢ and Segal [MS1, MS2, MS3], Mardes$i¢ and Watanabe [MW], and
Watanabe [W1, W2, W3] have recently dealt with the idea of nearly commuta-
tive inverse systems. Since the classical notion of inverse limits has some defects
even for nonmetric compacta, it was necessary to introduce this new notion of
approximate limits. Approximate limits have proved to be especially useful in
attacking problems in dimension theory. In this paper we use the approximate
limit approach to obtain results about fixed points.

We define a cosmicality condition for approximate systems which implies that
the limit of the system has the fixed point property. Moreover, this property
is categorical in the approximate shape category. The significance of the latter
statement is that as far as this cosmicality condition is concerned it does not
matter which representation as an inverse limit of polyhedra of a Hausdorff
continuum is used. As an application we show that the hyperspace C(X) of all
nonempty subcontinua of an arc-like or circle-like Hausdorff continuum X has
the fixed point property. Such results had been previously obtained only in the
metric case for C(X) (see [N1] or [S2]). We also show thatamap f: X — X
has a fixed point if and only if its approximate resolution f: (#°, %) — (£, %)
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has an approximate fixed point (see (3.2)). Further, we prove that 2% and C(X)
have the fixed point property for any locally connected Hausdorff continuum X .
This was previously known in the metric case since in that case both hyperspaces
are absolute retracts. However, in the nonmetric (locally connected) case the
hyperspace C(X) may not even be contractible (see Example (16.41) of [N1]).

In §1 we summarize the needed properties of approximate limits and resolu-
tions. In §2 we investigate the approximate nearness of system maps. In §3 we
consider approximate coincidence points. In §4 we define and investigate the
notion of cosmicality. In §5 we define the notion of cosmicality for approximate
inverse systems and approximate resolutions. We prove that if such a system
has this property then its limit space has the fixed point property. Further we
generalize the notion of cosmicality to maps of approximate systems. We also
exhibit an example of a continuum with the fixed point property, but which
does not satisfy the cosmicality condition. In §6 we investigate the class of
complex projective n-space like continua with respect to the fixed point prop-
erty by means of the cosmicality condition. In §7 we consider nearly extendable
maps and approximate resolutions. In §8 we consider refinable maps and cos-
micality. In §9 we investigate the functorial properties of hyperspaces and then
prove that if an approximate resolution for a Hausdorff continuum X induces
a cosmic approximate ANR-resolution for 2X¥ (or C(X)), then 2% (C(X))
has the fixed point property. As a corollary we have that if X is an arc-like or
circle-like Hausdorff continuum, then C(X) has the fixed point property. As
another corollary we have if X is a locally connected Hausdorff continuum,
then 2X and C(X) have the fixed point property.

LOCATION OF SPECIAL NOTATION

(Al) 1.1 (AN1) 2.2 (NE)  [W3]
(A2) 1.1 (AN2) 2.3 (NE)* 7.0
(A3) 1.1 (AS) 1.7 (R1)  1.10
(AC) 5.1 (AU) 1.2 (R2)  1.10
(AC1) 5.1 (API) 8.0 (RF1) 1.14
(AFP) 3.2 (API1) 8.5 (RF1)’ L.15
(AI3)  [WI1] (B1) LIl (SF) 115
(AM)  1.10 (B2) 111 (U) 1.15
(AM2) [W1] (C) 1.3 (UL) 18
(AMC) 4.0 (CS) 1.7 (US) 5.8
( ( (%)

( ( (*x)
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1. APPROXIMATE SYSTEMS AND RESOLUTIONS

In this section we summarize the needed properties of approximate resolu-
tions. Without any specification we use the same notation and terminology as
in [MW]. In the following we use normal (open) coverings. Recall that these
coverings coincide with numerable coverings, i.e., open coverings which admit a
subordinate partition of unity. Every normal covering Z of a space X admitsa
normal covering %' of X such that the star st%’ = {st(U’, %'): U’ € %'} re-
fines % . Here, for any subset Xy of X, st(Xo, Z')=U{U' €eZ': U' N Xy #
@} . Inductively, st'%’' = %', st' %' = st%' and st"%' = st(st"" ' %) for
each positive integer n. We denote the set of all normal coverings of X by
Cov(X). If Z € Cov(X), then also stZ € Cov(X). If Z, 7 € Cov(X) and
7" refines Z ,wewrite 7" <% . For % , 7 € Cov(X),put Z N7 ={UNnV :
Ue#% and V € 7} € Cov(X). If f,g:Y — X are %-near mappings,
i.e., if for any y € Y there exists a U € Z with f(y), g(y) € U, we write

(f,.8)<%.

(1.1) Definition. An approximate inverse system (shorter, an approximate sys-
tem) & = {X,, %, DPaar » A} consists of the following data. A preordered
set A = (A, <) (we do not assume antisymmetry), which is directed and un-
bounded (no maximal element), for each a € 4, a topological space X, and a
normal covering %, of X, (called the mesh of X, ), and for a < @', a (con-
tinuous) mapping paa : Xoo — Xa (Paa = lx, 1s the identity mapping on X, ).
We require three conditions:

(A1) (Paa'Pata > Paa") <%, for a<a' <a".

(A2) For each a € A and each Z € Cov(X,), there exists an a’ > a such
that (Pag,Paya, s Paa,) < % , Whenever ay > a; > a'.

(A3) For each a € 4 and each Z € Cov(X,), there exists an a’ > a such
that %, < p L% = {p;},U:U € %}, whenever a’ >a'.

If all the spaces X, belong to a class & of spaces, we speak of an approx-
imate inverse system in & or an approximate % -system. Sometimes we write
(Z, Z) to emphasize the meshes #,,a € A.

(1.2) Definition. An approximate system 2 is said to be uniform provided it
satisfies the additional condition:

(AU) Uy <pp#, fora<a.

(1.3) Definition. An approximate system 2 is said to be commutative pro-
vided it satisfies the commutativity condition:

(©) DaaData = Paav fora<a’ <a’.

(1.4) Remark. Uniform commutative approximate systems over cofinite index
sets coincide with approximate inverse systems of Watanabe [W1-W3].

(1.5) Definition. By deleting the meshes %, in an approximate system 2 =
{Xa, %, Daar » A} , We obtain a system X = {X;, paa, A}, which we also call
an approximate system. We say that 2 and X are associated with each other.
We distinguish the two notions by using script and blackboard boldface charac-
ters respectively. By definition, 2 determines X. Conversely, every X admits
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an associated 2, which is not unique. In our statements and arguments we
shall often switch from 2 to X and from X to &Z.

(1.6) Remark. Let X = {X,, Paa’» A} be an inverse system with an un-
bounded indering set 4 in the usual sense. By the Mardesi¢ trick (see [MS,
Theorem 2, p.10]), we can assume that A4 is cofinite. If each X, is a met-
ric compactum and if the directed set 4 is cofinite and infinite, then X is an
approximate system (see [W1, Proposition (3.8)]).

For approximate systems of metric compacta Mardes$i¢ and Rubin [MR] have
defined limits. In [MW] they generalize these results to approximate systems of
arbitrary spaces.

(1.7) Definition. An approximate map p = {p, : a € A} : X — X into an
approximate system X = {X,, paa, A} is a collection of maps p, : X — X,,
a € A, such that the following condition holds:

(AS) For any a € A and any #Z € Cov(X,) there exists an a’ > a such that
(Paa"Pa s Pa) <% for a”" >a'.

p: X — X is called commutative provided X is commutative and

(CS) Daa'Pa’ = Da fora’ > a.

(1.8) Definition. Let X = {X,, paar, A} be an approximate system and let
p={p,:a€ A} : X - X be an approximate map. We say that p is a limit of
X provided it has the following universal property:

(UL) For any approximate map q = {q; : a € A} : Y — X of a space Y
there exists a unique map g :Y — X such that p,g =q, forany a€ 4.

(1.9) Remark. If p: X — X is a limit of X, then the space X is determined
up to a unique homeomorphism. Therefore, we often speak of the limit X of
X and we write X =limX.

(1.10) Definition. Let 2 = {X,, Z,, Paa, A} and ¥ = {Yy, 7}, qps , B}
be approximate inverse systems. An approximate map f = {f, f, : b € B} :
& — ¥ consists of a function f: B — 4 andof maps f,: Xsp) — Yy, b€ B,
such that the following condition is satisfied:

(AM) Whenever b, b’ € B, b < b’, there exists an a € 4, a > f(b), f(b'),
such that (qpy foPrvr),ar » SoPrb),ar) <St7, forany a’ >a.

The approximate map f is called uniform provided f satisfies the additional
condition

(AMU) U < fy'?%  forbeB.

We will now define the basic notion of approximate resolution of a space.

Let & be a collection of spaces. For an approximate map p= {p,:a € A4} :
X — Z into an approximate system 2 = {X,, %, Daa’ » A} We consider the
following conditions:

(R1) Forany P € #,7 € Cov(P), and mapping f : X — P there is an
a € A such that for every a’ > a there exists a mapping g : X, — P satisfying
(&pars /)<7 .

(R2) For every P € & and 7 € Cov(P) thereisa 7" € Cov(P) such that
for any a € A and for any two maps g, g’ : X, — P, for which (gp,, g&'ps) <
7', there exists an a’ > a such that (gpue, g&'PDse) <7 forany a’ >a’.
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(1.11) Definition. An approximate resolution of a space X is an approximate
map p={ps:a€ A} : X - Z of X into an approximate system 2 =
{Xa, %, Paa » A} , Which satisfies conditions (R1) and (R2) for the collection
& = POL of all polyhedra (endowed with the CW topology). If # is a class
of spaces and all X,,a € 4, belong to &, we speak of an approximate % -
resolution.

Approximate resolutions can also be characterized by conditions of a different
nature, which are usually easier to verify than conditions (R1) and (R2):

(B1) (V% € Cov(X))(3a € A)(Va' > a)p,'Uw < ¥ ,

(B))  (VaeA)3d >a)(Va" > a)pax (Xer) C st(pa(X), Z).
The following is proved in [MW, Theorem 2.8).

(1.12) Theorem. An approximate map p= {p,:a€ A}: X - & ={X,, %,
Daa’ » A} is an approximate resolution of the space X if and only if it satisfies
conditions (B1) and (B2).

(1.13) Remark. Let X = {X;, Paar, A} be an inverse system of compact
spaces with an unbounded indexing set 4 in the usual sense. Let p = {p, :
a € A} : X — X be an inverse limit. By Remark (1.6), we may assume that
A is cofinite and that & = {X,, Z,, psa , A} is an approximate system as-
sociated with X. Then p: X — 2 is an approximate resolution by (3.9) of
[W1]. So any compact Hausdorff space has an approximate APOL-resolution.
Moreover, any space has an approximate APOL-resolution by (3.15) of [M1].
Here, APOL denotes the collection of all approximate polyhedra (see [M1]).

For our discussion, we need the following basic lemmas about approximate
resolutions of maps.

(1.14) Lemma. Let q: Y — % be an approximate resolution over a cofinite
index set B. Then for each positive integer n, there is an n-refinement function
s:B— B of ¥ (see (7.4) of [MW]) with the property:

(RF1) (@b, qbprqp) <7, forany b and any b’ > s(b).
By (A3) and (AS), for cofinite B, we can easily show Lemma (1.14).

(1.15) Lemma. Let p: X — & be an approximate resolution and let q: Y —
Y be an approximate APOL-resolution over a cofinite index set. Then every
map f : X — Y admits a uniform approximate map f: & — % such that
(p, q, f) is an approximate resolution of f (see (6.1) of [MW]) and

(*) (foprwy> avSf) <stZy forb € B.

Sometimes we say that f: 2 — % is an approximate resolution of f with
respect to p and q provided (p, q,f) is an approximate resolution of f.
More simply, when p and q are obvious in the paragraph, we say merely that
f: & — % is an approximate resolution of f provided that (p, q, f) is an
approximate resolution of f .

Proof. By (6.3) of [MW] there exists an approximate map f: 2 — % such
that (p, q, f) is an approximate resolution. By step (21) of the proof of [MW,
(6.3)] one may assume (x).
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To modify f to a uniform h: 2 — %, we choose an increasing function
w:B — A such that f <y and

(SE) (PpoyarPaar s Diwyar) < 1y 'dppZh, forall bg < band y(b) <a' <a”,
(U) Prbyalty ' 75 > %y foranya' > y(b),

(RF') (Psy> PrvyaPar) < fy'? forany a’ > y(b).
Such a shift function y of f exists by (8.4) of [MW], (A3), and (AS). By
Lemma (1.14), there exists a 2-refinement function s: B — B with (RF1). Let
h=ys:B— A and h, = qbs(b)j;(b)pfs(b),,,s(b) : Xh(b) — Y, for b € B. Then,
using (SF) and (U), the shift h={h, h, : b€ B} : Z — % of f by v and
s is a uniform approximate map by (8.5) and (8.6) (see especially the proof of
(8.6)) of [MW].

We show that h is an approximate resolution of f. Take any b € B. By
(RF1)’ and (%),

(1) (fso)Prsby s Sso)Prsibywsv)Pusie)) < Zsiby »
(2) (@) S5 SsmyPrswy) < StZ5p).-

Since s is a 2-refinement function, by (1) and (2)

3) (@bsv)dsv) S > Absiv) Sso)Prsbywsv)Pusv) < Zo-
By (RF1),

(4) (@S5 asv)qs6) ) < Z-

By (3) and (4), we have the condition (x). By the same argument in the proof
of (5.5) of [MW], () implies (LAM) (see [MW]). Thus h is an approximate
resolution of f. Hence h has the required properties.

(1.16) Lemma. Let f: X - Y and g:Y — Z bemaps. Let p: X - 2,
q:Y > ¥%,and v : Z — Z be approximate resolutions. Let f: 2 — ¥
and g: % — Z be uniform approximate maps. Let (p, q,f) and (q,r, g) be
approximate resolutions of f and g with (x) in Lemma (1.15), respectively.
If the index set of Z is cofinite, then there is a 2-refinement function s for Z
such that s(gf) : & — Z is a uniform approximate map and (p, r, s(gf)) is
an approximate resolution of gf with (x) in Lemma (1.15).

Proof. By Lemma (1.14), there exists a 2-refinement function s : C — C for
Z such that

(1) (re, reete) < #. for any ¢’ > s(c).

Since C is cofinite, we can assume that s : C — C* (see (1.6) of [MW] for C*)
is increasing. By the proof of (8.2) of [MW], s(gf) : & — Z is an approximate
map. Since f, g are uniform and s is a 2-refinement function, it is easy to
show that s(gf) is uniform.

Since f and g have the property (x), forany c € C,

(2) (rs(c)g, gs(c)Qgs(c)) < st Ws(c) s

(3) (‘Igs(c)f, fgs(c)pfgs(c)) <st %gs(c)-
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Since g is uniform, (3) implies

(4) (8s(c)9esic)S > &ste)Sgsie)Pres(e) < St sc)-
By (2)

(5) (rs) &8> &s(e)dgse)f) < st ¥y c).
Since s is a 2-refinement function, by (4) and (5)

(6) (Festo)"sc) 8 5 Teste) 8ste) feste)Preste)) < Ye-
By (1)

(7) (rcgf’ rcs(c)rs(c)gf) < %

By (6) and (7)

(8) (re&fs Tes(o)8ste) fest1Presic)) < St¥e.

Inequality (8) means that s(gf) satisfies (x). Thus by the same argument in
the proof of (5.5) of [MW], (8) implies that s(gf) is an approximate resolution

of gf.

Let f:X—>Y and g:Y > Z bemaps. Let p: X -2, q:Y - %, and
r: Z — Z be cofinite approximate APOL-resolutions.

(1.17) Corollary. If £: Z - ¥, 8: ¥ — Z,and h: & — Z are approxi-
mate resolutions of f, g, and gf, respectively, then [g](f] = [h].

Proof. By Lemma (1.15) there exist uniform approximate maps f, : & —» ¥
and g, : ¥ — Z with (x) such that (p,q,f;) and (q,r, g,) are approx-
imate resolutions of f and g, respectively. By Lemma (1.16), there exists
a 2-refinement function s for Z such that s(gf;) : & — Z is a uniform
approximate map and (p, r, s(g;f;)) is a resolution of gf. Thus, by (7.6) of
[MW], [f] =[fi], [g] = [g1], and [h] = [s(g:f1)]. By the definition of composi-
tion, [s(gifi)] = [g:][fi]. Thus [h] = [g][f].

(1.18) Corollary. If f : X — Y is a homeomorphism, then [f] : & — ¥
is an isomorphism in the category APRO-APOL (see (8.16) of [MW]) for any
approximate resolution £: & — % of f.

(1.19) Lemma. Let p={p,:a€ A} : X - (Z,%) = {Xa, %, Daa » A}
be an approximate resolution of a space X. Let A = (A, <) be a cofinite,
antisymmetric, infinite, directed set. Then for each 7, € Cov(X,) with 7, < %,,
there exists an order < in A with the following conditions:

(i) A* = (A, <) is cofinite, antisymmetric, infinite and directed.

(i) Ifak a', then a<a'.

(i) If aka', a <a",and a#a', then a<k a".
There exists an approximate resolution q = {q, :a € A*} : X - (¥, ¥') =
{Ya, #a, qaar » A*} such that

(iv) each Y,, #;, Qoo , and q, are X,, Z;, Paar , and p,, respectively,

(V) (44> 9aadar) < 7, forany a< a'.
Moreover, if, in addition, & and p are commutative, we can achieve that ¥
and q are commutative.
Proof. Since p: X — (£, %) is an approximate resolution, (2, Z) satisfies
the conditions (A1)-(A3) and p satisfies the conditions (AS), (R1), and (R2).
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Take any 7, € Cov(X,). Since A is infinite and directed, by (A2) for (27, %)
and (AS) for p there exists a function ¢ : 4 — A such that for each a € 4,

(1) p(a)>a and ¢(a)#a,
(2) (Paa,Paja > Paay,) < 7, for any a; > a; > ¢(a),
(3) (Pa > PaaPa,) < 7, for any a; > ¢(a).

We define a new order < in the set 4 as follows: Let a,a’ € A. Then
a < a' provided that (x) a=a’ or (xx) a# a’ and ¢(a) < a’. Since (4, <)
is cofinite, antisymmetric, infinite, and directed, it is easy, by (1), to show that
A* = (A, K) satisfies the conditions (i)-(iii).

We define (%, %) = {Ya, #a, qaa , A*} as follows: For each a € 4*,
Y,=X, and %, = 7, € Cov(Y,), and for any a € @', Gaar = Paa : Yo =
Xoe 2 Yy=X,.

Claim 1. (% , %) is an approximate inverse system.
To show Claim 1 we need to show the conditions (Al), (A2), and (A3) for
& ,%). (Al) for (%, %) follows from (2) and (ii). (A2) and (A3) for
(¥, %) follows from (A2) and (A3) for (2, %), respectively.

Let g, =p,: X - Y, =X, foreach ae A*. Then q={g,:a€ A*}: X —
(¥, %) satisfies (v) by (3). By definition, (iv) is satisfied.

Claim2. q: X — (¥, %) is an approximate resolution.
To show Claim 2, we need to show conditions (AS), (R1), and (R2) for q. It
is not difficult to show (AS), (R1), and (R2) for q by (AS), (R1), (R2) for p
and (i)-(iii).

Hence by Claims 1 and 2, q is an approximate resolution. By the definitions
of (¥,%') and q, if, in addition 2 and p are commutative, then so are %
and q. Hence this completes the proof of (1.19).

Let [k] be the homotopy class of a map k : X — Y, and let HTOP and
HANR be the homotopy category of all spaces and of all ANR’s, respectively.

(1.20) Lemma. Let p={p,:a € A} : X - (Z, %) = {Xa, %> Paa , A}
be an approximate ANR resolution of a space X. We assume the following
condition that for each a € A,
(i) for any space Y and maps h, k :Y — X,, if (h, k) < st*%,, then h
and k are homotopic,
(i) (Pa, Paa'Pa) < %, for any a' > a.
Then H(p) = {[ps):a€ A} : X - H(Z) = {Xa, [Paa'], A} is a ANR expansion
(see p. 48 of [MS)).
Proof. By (Al) for (£, %) and (i), [Paga'] = [Paa’lPaav] for a < a’ < a”.
Thus H(Z’) is an inverse system in HANR. Moreover, by (i) and (ii), [p,] =
[Paa’l[pa] for a < a’. Thus A(p) : X — H(Z) is a system map. We need to
show that
Claim 1. H(p) satisfies the conditions (E1) and (E2) for ANR’s (see p. 48
of [MS])).
By [M1] and Theorem 2 of p. 10 of [MS] we have an ANR-resolution q =
{gp:b€B}: X > % ={Yy, qppr, B} of X such that

(1 B is cofinite, antisymmetric, infinite, and directed,
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(2) each Y} is an ANR.

By (3.7) of [W1], there exists an approximate resolution r={r,:c€ C}: X —
(#,7)={R., 7, recr , C} such that

(3) C is cofinite, antisymmetric, infinite, and directed,
(4) (%, 7) and r are commutative,
(5) each R, is some Y.

By (4) and (2), each R, is an ANR. So there exists a Z,; € Cov(R,) such that
for each c € C,

(6) Y. <7,
for any space Y and any maps h, k:Y — R,,
if (h, k) <st#;, then h and k are homotopic.

By Lemma (1.19), there exists an approximate resolution s = {s; : d € D} :
X (Z,%Z)={2Z4, Z4, Saar» D} such that

(7

(8) D is cofinite, antisymmetric, infinite, and directed,
9 (Z, %) and s are commutative,
(10) each Z; and %; are some Y, and 7., respectively.

Since s is an approximate resolution, it satisfies the conditions (R1) and (R2)
for ANR’s. Then, by (9), s: X - Z = {Z;, 544, D} satisfies the conditions
(R1) and (R2) for ANR’s in the sense of [MS]. Thus, by (2), (5), and (9),
s : X — Z is an ANR-resolution. Hence by Theorem 2 of p. 75 of [MS],
H(s)={[sq]:d eD}: X - HZ)={Z;, [saar], D} is an HANR-expansion,
ie.,

(11)  H(s): X » H(Z) satisfies the conditions (E1) and (E2) for ANR’s.

Since p: X —» (Z,%) and s: X — (Z, %) are approximate resolutions
with cofinite index sets, by Lemma (1.15) we have uniform approximate maps
f={f,/4:deD}:(Z, %)~ (Z,%) and g={g,8.:a€4}:(Z,Z)~
(Z,%) suchthat (p,s,f) and (s, p, g) are approximate resolutions of 1y,
ie.,

(12) (faPsay> Salx) <stZ; fordeD,
(13) (&aSg(a)» Palx) < st#, forae A,
(14) 82 ' U > Fyay forac A

Since f is an approximate map, for each d < d’ there exists an a € 4 with
a> f(d), f(d’) such that

(15) (faPfaya s Sdar JarPrana) < StZy.
By (10), Z; =Y. and Z; = #, for some c € C. By (7) and (15)

(16) Lfallpf(aya] = [Saa Ufa 1P pianyal-
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Equality (16) means that H(f) = {f,[f;] : d € D} : HZ) - H(Z) is a
morphism of inverse systems in HANR. Similarly, H(g) : H(Z) — H(Z) is
also.

By (7), (12), and (13),

(17) Vallppa)] = [s4] ford e D,

(18) [8allss@] = [Pa] forae 4.

For each d € D, there exists a d’ € D such that d' >d, gf(d). By (17) and

(18), [s4a/1[sa) = [sa] = [fallppa)] = Ufallgra) 8¢ ria)] = [fall&1a)][Sg r(ayar 1Sar]-
Since H(s) satisfies (E2) by (11), there exists a d” > d’ such that

(19) [Saa] = Ufallgra)l[sg riayar WSarar]-

This means that H(f)H(g) ~ 1y %) .
Now, take any a € 4. By (12) and (14), (fea)Pre(a)> Ss(a)) < StFg(a) <
&7 '(st%,). Thus

(20) (gafg(a)pfg(a) s gasg(a)) < st#,.

Since (8fg(a)) % € Cov(Xygq)), by (AS) for p there exists an a; > fg(a)
such that (Prga) > Pre(ayaPa’) < (8afe(a) ‘% for any a’ > a;. Then

(21) (gafg(a)Pfg(a) > gafg(a)Pfg(a)a'Pa') <%, foranya' > a.
By (AS) for p, there exists an a; > a, a; such that

(22) (Pa > PaaPar) < % fora' > a,.
By (21) for a’ = a, and (20), (13), and (22) for @' = a5,
(23) (gafg(a)pfg(a)azpaz y PaayPay) < st® %s.

Since p: X — (#, ) is an approximate ANR-resolution, by (1.12) it satisfies
the conditions (B1) and (B2). By (2.14) of [MW], it satisfies (R3) for ANR’s.
By (R3) for p and (23) there exists an a3 > a, such that

(24) (8aS3(@)Pfg(a)asPasPay » PaasParay) < St* .
By (i) and (24)
(25) [ga][f:g(a)][l’fg(a)@] = [Paa;]-

This means that H(g)H(f) ~ 152). Hence we have Claim 2.

Now, we show Claim 1. First, we consider the condition (E1). Take any map
h: X — P into an ANR. Since H(s) satisfies (E1) by (11), there exist a d € D
and a map k : Z; — P such that

(26) [h] = [ksql.

By (17) and (26), [h] = [k f4][Pf@a)]- This means that H(p) satisfies (El) for
ANR’s.

Next, we consider the condition (E2) for ANR’s. Take any a € A and any
maps 4, k: X, —» P into an ANR P such that

(27) [hpa] = [kpa]-
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By (18) and (27),

(28) [h8aSg(a)] = [k aSg(a)]-

Since H(s) satisfies (E2) for ANR’s by (11), by (28) there exists a d; > g(a)
such that

(29) [hgasg(a)dll = [kgasg(a)dll-

By (16) for d; > g(a), there exists an ay > a3, f(d;) such that
(30) [fe@Pre@a] = [Sg@ya, fa,Psd)ao)-

Since

[Paay] = [Paay[Payan] = [gafg(a)l’fg(a)a3][17a;ao]
= [8allfe(a)P re(a)a) = [8a)[Sg(a)ay Ja, P (dy)ao )
by (25) and (30),

(31) [Pag,] = [8aSg(ayd, Ja, P rdy)a )

By (29) and (31), [hpag] = [h8aSg(a)a, 1 faPridnya] = [k &aSgara W fa P piaan] =
[kpaao] s Lev

(32) [hpaao] = [kpaaf,]'

(32) means that H(s) satisfies (E2). Thus we have Claim 1 and hence we have
completed the proof.

2. APPROXIMATE NEARNESS OF SYSTEM MAPS

Let (Z,%)=1{Xy, % Paw,A} and (¥ ,7") ={Yy, 7}, qo» » B} be ap-
proximate inverse systems with cofinite directed sets. Let f={f, f;,; b € B},
ge={g,.8:b€B}:(Z,%)— (¥,7) be approximate maps. We consider
approximate nearness as follows:

(AN) For each b € B, there exist a by > b and an ay > f(by), g(bp) with
the property: for each a > ag there exist an x € X, and a V € 7} such that
Abbe SooP f(bo)a(X) > Qbby8boPg(bo)a(X) € V.

(2.1) Lemma. Let f = {f", f,:be B}, g ={g,8:beB}:. (&, %) —
(¥ ,7") be approximate maps. Let f ~f and g ~ g'. If f and g satisfy
condition (AN), then sodo f and g .

Proof. Since f ~ f and g ~ g, by (7.8) of [MW] there exist positive inte-
gers n, m with the following properties: For each b € B there exists a >
f(b), f'(b), g(b), &'(b) such that

(1 (JoPryar > JoPripyar) < st" 7,

(2) (8Pgbyar » &hPg b)) < St™ 7

for each a’ > a.
Take any b € B. By (A3) there exists a b; > b such that

(3) Qo 7 > stTM*2 7, for any b > by.

There exist a b, > b; and an a; > f(by), g(b,y) satisfying condition (AN) for
f, g,and b,.
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By (AM), there exists an a; > f(by), f(b2), a1, g(b1), g(b2) such that
4) (5,60, S0, P ()0 s SoPribryar) < StZ%,

(5) (9b,6,86,Pg(b)a’ » &b Pg(b)a’) < StZp,

for any a’ > a,.
By (1) and (2), there exists an a3 > a,, f'(b;), g'(b;) such that

(6) (ﬁ).pf(b,)a’ ] fglpf’(bl)a’) < Stn %| s

() (8, Pg(br)a s 8hPgiibar) < St 7,

for any a’ > a3.
Take any a’ > a;. By the choice of a; and b,, there exist an x € X,; and
a Wy € 7, such that

(8) b5, S0, P fibr)a (X) 5 by, 86, Pg(by)a (X) € Vo

By (4) and (5), there exist V;, V5 € st 73, such that

9) db,6, S5, P fbya (X) > So,Prionyar (X) € 1,5

(10) db,b,8b,Pg(by)a’ (X) s &b, Pg(b)a (X) € V2.

By (6) and (7), there exist a V3 € st" 7}, and a V, € st™ 7}, such that
(11) JoPrwpa (X) s foPrpa (X) € V3,

(12) 86, Pg(b)a(X)> &b Pg'(b)ar (X) € Va.

By (11), (9), (8), (10), and (12), there exists a Vs € st™*™*27} such that

(13) o Priya(X) s 8pPgpya(X) € VAU UWUVUV,C Vs,

By (3), there exists a V; € 7, such that qb‘b‘I Ve D V5. Then, by (13), we have
that

(14) Qob, S5, D) (X) s bb, 8, Py’ (by)ar (X) € V.

(14) means that f and g' satisfy property (AN).

(2.2) Lemma. Let f,g: (Z, %) — (¥ ,7") be approximate maps. f and g
satisfy property (AN) if and only if they satisfy the following condition:

(AN1) There exists an integer k > 0 having the property. for any b € B
there exist an a > f(b), g(b) such that for any a' > a there exist an x € X,
anda V € st 7, with fob iy (X), 8bPgbyar(X) €V .

Proof. (AN) = (AN1). Take any b € B. By (AN), there exist a by > b and
an ag > f(bo), g(bo) satisfying property (AN). By (AM) of (1.10) there exists
an a, > ag, f(b), g(b) such that

(1) (Gbbe SruP S (Bo)a » JoPribya) < St 7,

(2) (Qbby 8boPg(bo)a’ » &bPg(b)a’) < StZ
for any a’ > a; .
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Take any a’ > a; . By the choices of ay and b, there exist an x € X, and
a ¥y € 7 such that

(3) Abbo SooP 1(bo)a’ (X) > by 8boP(bo)a’ (X) € Vo-
By (1) and (2), there exist V;, V5 € stZ;, such that

(4) Qbbo SooPf(bo)a (X) s SoPrbya (X) € V1
(5) QbboEbPg(bo)a’ (X) » &bDg(b)a (X) € Va.

By (4), (3), and (5), there exists a V3 € st? 7 such that SoPspya (X) 5 &bPg(b)ar (X)

€ TUWUV, C V3. Therefore, f and g satisfy property (AN1) for k =2.
(AN1) = (AN). By assumption, there exists an integer k > 0 having the

property (AN1). Take any b € B. By (A3) there exist a by > b such that

(6) Gy 75 > st 74, for any b > by.

By the choice of k, there exists an ap > f(bo), g(bo) with the property: for
any a' > a, there exist an x € X, and a ¥, € st€ 74, such that

(7) fi)opf(bo)a' (x) s gbopg(bo)a' (x) € I/O'

By (6) there exists a ¥} € Z; such that qb‘b(‘)VI > V. Thus, by (7),
(8) Qbby SboP f(Bo)a (X) s dbby8hoPg(bo)a’ (X) € V1.

This means that f and g satisfy (AN).

(2.3) Lemma. Condition (AN) is equivalent to the following

(AN2) For each b € B and each 7" € Cov(Y,), there exist a by > b and an
ag > f(bo), g(bo) with the property: for each a' > ay there exist an x € Xy
anda V € 77 such that Qpp, fo,D f(bo)a’ (X) s Qbby &boPe(bo)a’ (X) € V.

Proof. Clearly (AN2) implies (AN). We show that (AN) implies (AN2). Take
any b € B and any 7 € Cov(Y,). Take a 7"’ € Cov(Y,) such that

(1) st7' < 7.

By (A2) there exists a b; > b such that

(2) (@656 » Gbpe) <77 for any 8" > b' > by.

By (A3) there exists a b, > b; such that

(3) 4?7 > Py forany b' > b,.

By (AN) there exist a b3 > b, and an ag > f(b3), g(b3) with the property:
for any a’ > ag there exist an x € X and a ¥V, € 7, such that

(4) Abyby Sos P 1(bs)ar (X) 5 Ay, 86, Pg(by)ar (X) € Vo.

By (3), there exists a ¥; € 77 such that qb‘b;Vl S V. Thus, by (4), we have
that

(5) Dby Dbybs S5 P f(by)a’ (X) 5 Aoy Dbsbs 86, Pg(by)a (X) € W1
By (2) there exist V5, V3 € 77 such that

(6) AbbyQbby S5, P f(by)a (X) 5 Abby S P f(by)ar (X) € V2,
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(7) qbbquzb3gb3pg(b3)a’ (x) > qbbggb;;pg(b;)a’(x) € I/3'
By (6), (5), (7), and (1), there exists a V' € 7 such that

()  Gbby Sy Py (X) s dbby8byPg(b)ar (X) € V2U VUV Cst(Vy, 77') C V.
This means that f and g satisfy property (AN2).

(24) Lemma. Let f,g8: (Z, %) - (¥,7") and h = {h,h. : c € C} :
&.,7) - (Z,%) ={Z,¥:,r.,C} be approximate maps. Let h be
uniform. If f and g satisfy property (AN1), then s(hf ), s(hg) : (&, %) —
(¥, 7) satisfy (AN) for some 2-refinement function s of (Z,¥").

Proof. Since f and g satisfy property (AN1), there exists an integer k > 0
having the property (AN1). Let s : C —» C be a (k + 2)-refinement function
for (Z°,%"). Take any c € C. There exists an ag > fhs(c), ghs(c) such that
for any a’ > ap there existan x € X, anda V € st¢ Dhs(c) With

(1) ﬁls(c)pfhs(c)a’ (x) 5 ghs(c)pghs(c)a’(x) ev.

Since h is uniform, A C‘)(%(C)) > Zhs(c) - Thus

2) hL (st o)) > st* Ty

Since s is a (k + 2)-refinement,

(3) r. ls(c)(%) > st Fg o > st Hye.

By (1), (2), and (3), there exists a W € 7, such that

(4) rcs(c)hs(c)fhs(c)pfhs(c)a’ (X) ’ rcs(c)hs(c)ghs(c)pghs(c)a’(x) eW.

This means that s(hf) and s(hg) satisfy condition (AN).

Now, by Lemma (2.1), we can say that [f] and [g] satisfy property (AN)
provided any/some representatives f and g satisfy property (AN). By Lemmas
(2.1), (2.2), and (2.4), we can easily show that

(2.5) Corollary. Let f,8: (2, %) - (¥ ,7 ) and h: (¥, 7)) > (Z,%)
be approximate maps. If [f] and [g] satisfy property (AN), then so do [h][f]
and [h][g].

(2.6) Lemma. Let k = {k,k; :a€ A} : (Z,%) > (£, %) and £, g :
(Z,%) - (¥,7) be approximate system maps. Let f and g be uniform.
Let s : B — B be a 2-refinement function for (¥ ,7"). If s(fk) and s(gk)
satisfy property (AN), then sodo f and g.

Proof. Take any b € B and a 7" € Cov(Y}) such that

(1) s2 7 < 7.
By (A2) there exists a b; > b such that
(2) (Qe o » Qo) <7

forany b” > b’ > b, . By (2.2) there exists an integer #n > 0 having the property
in (AN1) for s(fk) and s(gk). By (A3), there exists a b, > b; such that

(3) G ? > st 7,
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for any b’ > b,. Take an a; > fs(b,), gs(b;) and any a4’ > a;. By (AM)
there exists a ¢; > kfs(by), k(a’'), kgs(by) such that

(4) (Prsbryarka Tkiaer s Krsoy)Tissiba)e) < S ps(by) »

(5) (PgsbyakaTk@e > Kesib)Tkgs(ba)e) < St gs(y)

for any ¢’ > ¢ .
Since f and g are uniform, we have fs?blz)%(bz) > %fsp,) and gs‘(blz)%(bz) >
gs(b,) - Thus, by (3), (4), and (5),

(6) (Dbs(by) fs(by) P fs(by)a Ka Tk(@ye > Abs(by) Ssiba) K £s(bn) Tk f5b)e) < 7,

(7) (Gbs(by) s(b)Pgs(br)a' Ka' Tk(ar)e' s Dbs(by) &s(bs)Kgs(ba)Tkgsby)er) < 7~
forany ¢’ > ¢ .

By the choice of n, there exists a ¢; > ¢, satisfying property (AN1) for
s(fk), s(gk), and b,. Take any ¢’ > c;. By the choice of ¢, , there exists a
z€Zs and a V) € st" 74, such that
() Gbysitn) Ssb) K rsiba)Thfsib)e (Z) s Abys(by) Esba)Kegs(b) Tkes(br)e' (2) € V1.

By (3) and (8), there exists a V; € 77 such that g, (V1) C 12, i.e,,

(9) @by bys(by) Ss(ba) K 5(b2) Tk f3 ()’ (2) 5 Dbty Dbys(by) s(by) Kes(by) Tkgs(by)e (2) € Vau

By (2) for s(by) > b, > b, there exist V3, V; € 77 such that

(10)  Gbb,Gb,5(6) Fsb) K siba) T f3(b2)e (2) s Dbsibn) Ssiba) K rs(o) T f3(b)e (2) € V3,

(11) b, Abys(by) s(b) Kes(br) Thgsiba)e (Z) s Abs(by) &s(br) Kes(by) Tkgs(ba)e' (Z) € Va.
By (6) and (7), there exist V5, Vs € 77 such that

(12) Dbs(by) Ssb)Pfs(br)a Ka Ti(a)e (2) s bs(by) Ssby) K fs(by) Tk fs(ba)e (2) € Vs,

(13) Qbs(by) &s(by)Pgs(br)a' Ka' Tk(a)e' (Z) 5 Abs(by) &s(by)Kgs(by) Thas(by)e (2) € Ve.

By (12), (10), (9), (11), (13), and (1), there exists a V' € 7} such that
(14) Qbs(b) Ss(b)Pfs(b)a’ (X) s bs(b,) 8s(br)Pgs(br)a (X) € V.
Here x = ky i) (z) € Xeo. Thus, (14) means that indices a; and s(b;)
satisfy (AN) for f, g, and b. Hence f and g satisfy (AN).
(2.7) Corollary. Let f,g: (', %) - (¥ ,7) and k: (Z, %) - (&, %)
be approximate maps. If [fl[k] and [g][Kk] satisfy condition (AN), then so do [f]
and [g].

3. APPROXIMATE COINCIDENCE POINT

Let 7" € Cov(Y). A point x € X is said to be a 7 -coincidence point of f
and g provided f(x), g(x) € V for some V € 7°. A point x € X is said
to be a 7 -fixed point of f provided x, f(x) € V for some V € Z77. Let
p={ps:acA): X > (Z,%) and q={q,: beB}:Y - (¥,7) be
approximate polyhedral resolutions with cofinite directed sets. Let f, g: X —
Y be maps. Let f,g: (Z,%) — (¥ ,7") be approximate resolutions of f
and g with respect to p and q, respectively.
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(3.1) Lemma. f and g satisfy condition (AN) if and only if f and g have a
7 -coincidence point for each 7" € Cov(Y).

Proof. First, we assume that f and g satisfy condition (AN). Take any 7" €
Cov(Y). By (B1), there exists a b € B such that

(1) G\ %<7
Take a 77/ € Cov(Y}) such that
(2) st7' < 7.

By Lemma (2.2) there exist an integer k > 0 and an ao > f(b), g(b) satisfying
(AN1) for b € B. By (A3) and (AS), there exists a b; > b such that

(3) 47" >st*3 7, forany b’ > by,
(4) (4op e > b)) < 7" for any b’ > by.
By (AS) and (A2), there exists an a; > ap such that

(5) (PrryaPar s Pripy) < fbfl%,,
(6) (pg(b,)a’pa’ s Pg(b,)) < ggl%l
for any a’ > ay,

(7) (pf(b.)a’pa’a” s pf(b,)a“) < f;;l%l s
(8) (pg(bl)a’pa'a" > pg(b.)a”) < 31;1%1

for a’ >a' > a,.
Let W = (ﬁ),pf(bl)a,)_l%l /\ (gblpg(lh)a])_l%l € COV(Xal) . By (Bz), there
exists an a, > a; such that

9) Paa(Xar) C st(pa,(X), #°) forany a’ > a.
By the choice of ag, there exist a point z € X,, anda V, € stk 7, such that

(10) Jo.Psb)a,(2) 5 8bPgiby)a,(2) € Vo.

By (9), Da,a,(2) € st(pa,(X), #). Thus, there exist V;, V; € 7}, and a point
x € X such that

(11) Paar(2), Pa,(X) € (fo,ssa) ™ (Vi) N (86, Pgbr)a) ™ (V2)-

By (11),

(12) SoPrbyaPaa(2) s So,PrbyaPa(X) € V1,

(13) 8, Pg(byaPara;(2) 5 &b Pg(by)aPa,(X) € V2.

By (5) and (6), there exist V3, V4 € 73, such that
(14) fb,pf(b|)a|pa|(x), fb|pf(b|)(x)€ I/3’

(15) gblpg(bl)mpm(x)’ gb|pg(b|)(x) € 1/4'
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By (7) and (8), there exist Vs, Vg € 73, such that
(16) fbnpf(bl)alpalaz(z)’ ﬁhpf(bl)az(z) €vs,

(17) gb.pg(bl)a,pa.az(z), gb.pg(bl)az(z) € V6

Since f and g are approximate resolutions of f and g, respectively, by Lemma
(1.15), Lemma (2.1), and (7.6) of [MW] we can assume

(18) @, S SoPry) <StZ,,
(19) (90,85 8bPgpy) <StZ,.
By (18) and (19), there exist V7, Vg € st7}, such that
(20) ap, f(X), fo,Dry)(X) € V7,
(21) 5,8(X), &b Pg(p)(X) € V.

By (20), (14), (12), (16), (10), (17), (13), (15), and (21) there exists a V €
st*37; such that

(22) an, f(x), qp8(x)€V.

By (3), there exists a V' € 77" such that

(23) bbb, S (X) Gbb,95,8(x) € VY.
By (4), there exist V', VJ € 7" such that

(24) bb, 95, S (x), @ f(x) € V5,
(25) bb, 95, 8(X), dpg(x) € V5.
By (24), (23), and (25),

(26) af(x), a8(x) € sy, 7).

By (1) and (2), there exist V' € 7' and V € Z” such that st((V{, 7") Cc V'
and ¢; 'V’ C V. Thus by (26),

(27) f(x), gx)eV.

This means that x is a 7 -coincidence point for f and g.

Next, we assume that f and g have a 7 -coincidence point for any 77 €
Cov(Y). Take any b € B. By the assumption, there exist a point x € X and
a ¥y €% such that f(x), g(x)€q; 'V, ie,

(28) af(x), qpg(x) € V1.

Since f and g are approximate resolutions, by Lemma (1.15), Lemma (2.1),
and (7.6) of [MW] we may assume (18) and (19) for any b; € B. Thus, there
exist V5, V3 € stZ} such that

(29) b f(x), fopsrp)(x) € V2,

(30) 98(x), 8sPg(b)(X) € V3.
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By (AS) for p there exists an ay > f(b), g(b) such that
(31) (PrwyaPa > Pray) < fy ' P,

(32) (Pg(b)arPar » Dg(b)) < gb_l%
for any a’ > qg.

Take any a’ > ap. By (31) and (32), there exist V4, Vs € 7, such that
(33) ~ JoPrwyaPar (X)), foprp)(X) € Va,

(34) 8bPg(byaPa(X), &hPg(p)(X) € Vs.
We put z = py(x) € Xo. By (33), (29), (28), (30), and (34), there exists a

V € st*Z, such that fyp e (2), EsPgpya(z) € V. Thus, f and g satisfy
condition (AN1). Hence, by Lemma (2.2), they satisfy (AN).
(3.2) Corollary. f: X — X has a 7 -fixed point for any 7" € Cov(X) if and
only if any/some approximate resolution f: (%, %) — (', %) of [ satisfies
the following condition:

(AFP) For any a € A there exist ag > a, a, > ay, f(ap) such that pag,Paya
and Paay fa,Pf(a)e have a %,-coincidence point for any a’ > ay .

4. COSMICALITY

An approximate map f: 2 — % is cosmic provided it satisfies the following
condition:
(Vb)(3by > b)(3ao > f(bo))(Va' > ag)(Vh : Xg — Yy)
(3x € X )3V € 7))  apph(X), Qb SooPsiboyar (X) € V.
(4.1) Lemma. Let f,g: 2 — % and f~ g. If f satisfies (AMC), then so
does g.
Proof. Since f ~ g, by Lemma (7.8) of [MW] there exists an integer k > 0
with the property:
For each b € B there exists an a > f(b), g(b) such that

(AMC)

M (fsPsbya » 8bPgpyar) < st* 7 forany a' >a.
Take any b € B and a 7" € Cov(Y},) such that
(2) sV < 7.
By (A2) and (A3), there exists a b; > b such that
(3) (966 p6 5 qoor) <7~ for any b” > b' > by,
(4) Gy 7 >st* 7, for any b’ > by.

Since f satisfies (AMC), there exist a b, > b; and an a; > f(b;) with the
property:
(5) For any a’' > a; and any map h: X — Y;, there exist an x €

Xo and a V € 73 such that gy, h(X), b, /5,Df(by)ar (X) €V .

By (1) there exists an a; > f(b;), g(b;) such that

(6) (fouPsibyar > 8b,Pgibpyar) < St 74,
for any a’ > a,.
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Take an a3 > a;, a,. Take any a4’ > a3 and any map & : X, — Y}, . By
(5), there exist an x € X, and a V; € 73, such that

(7 ab,6,1(X) 5 by, S, P (b)a (X) € W1
Since (4pp, 96,6, > dbb,) <7~ by (3), we have

(8) (@b, aby, 7t s Abp,h) < 77,

9) (Gbb, Gbyby S0, P fiby)ar s Abby SbsP(by)ar) < 7
By (8) and (9), there exist V5, V3 € 77 such that

(10) bk, Aoy, (X)) 5 Gpp,h(x) € V2,

(11) bty D56, S0P f(b)a (X) 5 Ao, S, D p(by)a (X) € V3.

Since (qpp, fo,Pf(bs)a’ > bbr €6, Pg(by)a’) < 7~ by (4) and (6), there existsa Vs € 77
such that

(12) Qb S0, D f(br)a (X) 5 Qbb, &b, Pg(by)a (X) € Va.

Since g,, 7" > st* 7;, > 7, by (4), there exists a V5 € 7” such that g,,!V5 >
V1. By (7) we have

(13) bty Abib,P(X) 5 Qb dbyby S0, P f(by)a (X) € V.
By (10), (13), (11), (12), and (2), there exists a V' € Z; such that
(14) dbb,h(X), Gbb, 86, Pg(by)a (X) € V2UVsU VUV, C V.

This means that g satisfies (AMC).

By Lemma (4.1) we say that [f] has property (AMC) provided f has property
(AMC).
(4.2) Lemma. Let £: 2 - %, 8:% —Z,and h: Z — ¥ be approximate
maps. Let [g][h] = [1]. If [f] satisfies (AMC), then so does [g][f].

Proof. By (8.6) of [MW] and Lemma (4.1) we may assume that f, g, and
h are uniform. Let s : C — C be a 2-refinement function of .Z. Since
[1=] = [g][h] = [s(gh)], by Lemma (7.8) of [MW], there exists an integer k > 0
with the property: for each ¢ € C there exists a ¢’ > s(c), hgs(c) such that

(1) (Feer rc,s(c)gs(c)hgs(c)rhgs(c),c”) < stk VA

for any ¢’ > ¢'.
Take any ¢ € C and any 7" € Cov(Z.) such that

(2) sV < ..

By (A2) and (A3), there exists a ¢; > ¢ such that

(3) riW > sttt @, forany ¢ > ¢,

(4) (Fecr¥erern s Feen) < #° for any ¢” > ¢ > cy.

By (1), there exists a ¢; > s(c1), hgs(c;) such that

(5) (rclc' ) rc. ,s(c,)gs((.‘.)hgs(cl)rhgs(c,),c’) < Stk %1 for any CI > 0.
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Since f satisfies (AMC), there exist a b; > gs(c;) and an a; > f(b,) satisfying
the condition (AMC) for f and gs(c;). By (AM) there exists a ¢3 > h(b,), ¢
such that

(6) (qgs(q),h, hbl Thby),c' » hgs(cl)rhgs(c.),c’) <st %s(c.) for any > C3.

By (AM), there exists an a; > f(by), fgs(c;) such that

(7) (qgs(c.),b. fblpf(bl),a’ > fgs(cl)pfgs(cl),a') <st %gs(c,) for any a > az.

By (AM) for s(gf), there exists an a3 > a>, fgs(c3) such that

(8) (rc‘.c;rq,s(c;)gs(c;)fgs(c;)pfgs(q),a' > Te ,s(cl)gs(c,)f:gs(cl)pfgs(c,),a') <st %,

for any a’ > a;3.

We show that s(gf) satisfies (AMC), i.e., indices a3 and c3 are the required
ones. To do so, take any a’ > a3 and any map o : X; — Z, . By the choice of
a, , there exist a point x € X, and a ¥ € Zg,) such that
9) des(cy), b S0 Prba (X) s dgser), byl Thiby), ;2(X) € V.

Since g is uniform, there exists a Wy € %, such that g | ,r=! (W) D V.
Then, by (9),
(10)
re, ,s(cl)gs(q)Qgs(cl),b. fb.pf(b,),a' (X) s Tey,s(c)8s(c)Dgs(ct), by hb. rh(b.),C3a(x) € %
Since g is uniform and s is a 2-refinement function, (5), (6), and (7) imply
that

(11) (Feyes @5 Teysiey)8ster) Pesien)Thes(er) , s @) < stk 7.,
(12)  (Peysicr) Estengster) by Pby Thiby) e 5 Teys(er) 8sie) Pgste)Thes(er) ;@) < #ey s

(13) 7y, s(c) 8ster)es(cr), b Jo Privnyar > Tey,sier) 8ste) Ses(ePrasier),ar) < #ey-
By (11), (12), (10), and (13), there exists a W, € st**2 %, such that

(14)  Fee;0(X), Tesie) 8sien SgsienPresena (X) € st(st(Wo, #z,), st #.,) C WA
By (3) and (14), there exists a W, € Z~ such that

(15)  reeyreie;(X), Tee,Teysey)8ster) fesic)\Presier),a’ (X) € Tee,(W1) C W

By (4) there exist W3, W, € Z" such that

(16) FeeiTeyes (X)), Teeya(x) € Wi,

FeerTeresTes () 8s(en) Jesten)Prgsies) at (X) »

TeesTey ,s(c3) 8s(es) Jes(es) Prgs(es) o (X) € Wa.

By (8) and (3), there exists a W5 € Z such that

Tee\Teyesley ,s(c;)gs(c;)fgs(c;)l’fgs(c;) ,a' (x),

Fee e, ,s(c.)gs(cl)fgs(cl)pfgs(q),a' (x) € Ws.

By (16), (15), (17), (18), and (2), there exists a Wy € Z, such that

(17)

(18)

TeesTe, ,s(c;)gs(c;)fgs(c;)pfgs(q) ,a’ (x),

ree,a(x) € WaUWs Cst(st(W,, #7), st#") C W.

This means that s(gf) satisfies (AMC). Hence [s(gf)] = [g]{f] has (AMC).
The proof of the next lemma is similar to the proof of Lemma (4.2).

(19)
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(43) Lemma. Let £: 2 - %, 8: %Y - Z,andu={u,u,:acd}: ¥ —
& be approximate maps. Let [f][u] = [1¢]. If [g] has (AMC), then so does
[e]lf].

(44) Lemma. Let f: 2 — ¥ and g: ¥ — Z be approximate maps. If
[glif] satisfies (AMC), then so does [g].

Proof. We may assume that f and g are uniform. Let w : C — C be a
2-refinement function for .Z". Take any ¢ € C and a Z € Cov(Z,) such that

(1) s < ..
By (A2) and (A3), there exists a ¢; > ¢ such that

(2) (Feer s Teerteren) < #° forany ¢” > ¢’ > ¢y,
(3) 1% > %o foranyc >c.

By the assumption, w(gf) satisfies (AMC). Then, there exist indices ¢; > ¢;
and a; > fgw(c;) satisfying the condition (AMC) for w(gf) and c; .

We show that g satisfies (AMC), i.e., we show the indices w(c;) > ¢ and
gw(cy) > gw(cy) satisfy the condition (AMC) for g and c¢. Take any &' >
gw(cz) and any map a: Y, — Zy,,) . By (AM) for f, there exists an a; > a;,
f(b’) such that

(4)  (fewe)Prewea > dgwic), b forPrna) < St Zgu(;) foranya' > a,.

By the choice of a; and c;, there exist a point x € X, and a W; € Z,, such
that

(3)  Taclew(e) 8uien SewlePrew(ea (X) s Teeew(c)@SoPra, (X) € Wh.
By (5) and (3), there exists a W, € Z" such that

Tee,Yeyer rczw(cz)gw(cz)fgw(cz)pfgw(cz)az (x),

(6)
Yec, rc.czrczw(cz)aﬁ;'pf(b')az(x) € rcc;(VVl) - VVZ
By (2),
(7) (rcczrczw(cz) > rcw(cz)) 4 ’
(8) (rccl rclczrczw(cz) ) rcczrczw(cz)) < W

By (8), there exist W3, W, € Z" such that

FeeyTeveyTeyw(cy) Bwica) Sew(en P fgw(en)ar (X)) 5

)
rcczrczw(cz)gw(cz)fgw(cz)pfgw(cz)az (x) € W3,

(10) Tee rclczrczw(cz)aﬁa'pf(b’)az(x) s rcczrczw(cz)aﬁ)'pf(b’)az(x) € W,.
By (7), there exist W5, Wg € " such that

TeesTeyw(cs) Bw(cy) Sew(en) P fgwicr)ay (X)) »

(11)
Tew(cy) 8w(en) Sew(e)P fgwicra (X) € W5,

(12) rcczrczw(cz)aﬁv’pf(b')az(-x) ) rcw(c-_,)aﬁ)’pf(b')az(x) € Ws.
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Since g is uniform, by (3) Frwen? > Zguw(c,) - Then, by (4),

gw (c2) cw (c2)
(13)  (Few(cy) 8w(cy) faw(e)Pfaw(car > Tew(er)8w(er)dgw(cs), b JorPf(b)ay) < SLH .
By (13), there exists a W7 € stZ” such that

(14)  Tew(ey) Buwier) few(en)Prgw(cn)ar (X) s Tew(e) 8w(cr)dgwica)br JorPib)a, (X) € Wa.
By (12), (10), (6), (9), (11), (14), and (1), there exists a W € Z, such that

Few(e)@(V) s Tew(cy) w(er)dgw(cr)p (V) € We U Wy U WL U W3 U Ws U W7

(13) Cst(st(Ws, #), st#’) C W.

Here y = fyDf(b)a,(X) € Yy . Therefore, (15) means that g satisfies (AMC).
Hence [g] satisfies (AMC).

The proof of the following lemma is similar to the proof of Lemma (4.2).

(4.5) Lemma. Let : 2 - %, 8: % — Z ,and h: Z — % be approximate
maps. Let [h][g] = [1]. If [g]lf] satisfies (AMC), then so does [f].

Let p : X - £ and q : Y — %’ be cofinite approximate APOL-
resolutions. Let f': 2" — %' be an approximate resolution of f.

(4.6) Lemma. Let (p, q,f) and (p',q , ') be approximate resolutions of f .
Then [f] satisfies (AMC) if and only if [f'] satisfies (AMC).

Proof. By (6.3) of [MW] there exist approximate resolutions (p,p’,u),
(q,q,v), and (p,q’,h) of 1x, 1y, and f, respectively. Then by Corol-
lary (1.17),

(1) (v1(f] = [h] = [f][u].

We assume that [f] satisfies (AMC). Since [v] is an isomorphism by Corollary
(1.18), by Lemma (4.2), [v][f] satisfies (AMC). Thus, by (1), [f][u] satisfies
(AMC). Hence by Lemma (4.4), [f] satisfies (AMC).

Similarly we can show the converse. Hence, we have Lemma (4.6).

By Lemma (4.6), we sayamap f: X — Y satisfies (AMC) provided some/any
approximate APOL-resolution f: 2 — % of f satisfies (AMC).

(4.7) Lemma. If f: X — Y satisfies (AMC), then for any map g : X — Y
and for any 7" € Cov(Y), f and g have a 7 -coincidence point.

Proof. Take anymap g : X - Y. Let p: X - 2 and q: Y — % be
cofinite. APOL-resolutions. Let f: 2 — % and g: 2 — % be approximate
resolutions of f and g, respectively.

We show that f and g satisfy condition (AN). By the assumption on f, f
satisfies (AMC). Take any b € B. Thus there exista by > b and an ap > f(bo)
satisfying condition (AMC). Take an a; > ag, g(by). We easily show that the
indices a; and by satisfy condition (AN). Thus f and g satisfy (AN). Hence,
by (3.1), f and g have a 7 -coincidence point for any 7" € Cov(Y).

(4.8) Lemma. Let Y be an approximate polyhedron, and let f: X —Y bea
map. Then f satisfies (AMC) if and only if
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(i) forany map g : X — Y and any 7" € Cov(Y), f and g have a 7 -
coincidence point.

Proof. Let B be the set of all nonempty finite sets b = {77, ... , 7}, Z €
Cov(Y). An order < in B is defined as follows: b < b’ provided b C b'.
Thus (B, <) is a cofinite directed ordered set.

Foreach b = {71,... ,Zy}, let 7, = AN N7y ={hn---NV, .
Vie 7,i=1,2,...,n} € Cov(Y), Y, =Y, gy =1y : Y - Y, and
Gy = ly : Yy =Y - Y =Y, for b < b'. Itis easy to show that q =
{gp :beB}:Y > % ={Yy, 7, qpy , B} satisfies (B1) and (B2). Hence, by
(2.8) of [MW], q is an approximate APOL-resolution of Y . This is called the
rudimentary (approximate) resolution of Y .

Let p: X — &£ be a cofinite approximate APOL-resolution and f: 2 — %
be an approximate resolution of f. By Lemma (1.15), we may assume that

(1) (fopry> af) <stZ, forb e B.

We show that (i) implies (AMC) for f. To do so take any b = {71, ... , Z;}
€ B. Take a 7" € Cov(Y) such that
(2) 27 < 7.

Let by = {71, ... , 7,, 7"} € B. By (AS) for p, there exists ap > f(by) such
that

(3) (Pribo)> PriboyarPar) < f' (Za)

for any a’ > aq.

We show that the indices ag and by satisfy property (AMC) for f. Take
any a' > ap and any map A : Xp — Y, . By the assumption (i), there exist a
point x € X and a V| € 73 such that

(4) f(x), hpa(x)€ V.

By (1) for bg, there exists a V; € st7}, such that

(5) JooPribo)(X) s ap,f(x) € V2.

By (3), there exists a V3 € 7, such that

(6) JooPrb0)(X) s SooPf(bo)arPar (X) € V3.
Since gy, = ly, by (4), (5), and (6)

(7) hpa’ (x) ’ fi)opf(bo)a'pa’(x) € St(V2 ’ st %0)'

Since gpp, = 1y, by (2) and the choice of bo, qb‘b(')% =% > st?7 >
SEZAN- APy N7") = st* %, . Thus, by (7), there exists a V; € 7, such
that

(8) Qo H(X') s Qoby SooP fibo)a (X') € Qopy (St(V2, St Z3,)) C Va.

Here x’' = py(x) € X, . (8) means that f satisfies (AMC). Hence f satisfies
(AMC).
The converse assertion follows from Lemma (4.7).

5. CosMIC SYSTEMS AND RESOLUTIONS

In this section we generalize the notion of universality due to Holsztynski [H]
and Mioduszewski and Rochowski [MiR] to approximate systems and resolu-
tions. It should be noted that the version of universality we describe (condition
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(AC)) is more than just a generalization of the previous notion to approximate
systems. We not only show that the limit of an ANR-resolution satisfying con-
dition (AC) has the fixed point property (5.12), but that condition (AC) also
is an approximate shape invariant (see (5.3)). In other words, condition (AC)
is categorical and hence does not depend on the particular expansion chosen.
This is in contradistinction to the notion of universality due to Holsztynski (see
Example (5.7)).
(5.1) Lemma. The following conditions are equivalent.

(i) [1g]: & — & satisfies (AMC).

(i) &£ satisfies condition (AC):
(Va € A)(Jag > a)(Va' > ag)(Vh : Xy — Xg)
(Bx € X)3U € %) Paaoh(x), DaayDaga’ (x)eU.
(i) &£ satisfies condition (AC1):
(Va € A)(V# € Cov(X,))(3ap > a)(Va' > ag)(Vh : X — Xg)
(Ixo € Xar)(3U € ?/) Paaoh(xO) s paaopaoa’(xo) eU.

Proof. We first show that (i) implies (ii). Take any a € 4 and a Z € Cov(X,)
such that

(1) sSCY < U,.
By (A2) and (A3), there exists an ap > a such that

(AC)

(ACI)

(2) (Paa > PaaPaar) <% foranya” >a' >ag,

(3) P % > %, for any a’ > ay.

By (i), there exist indices a, > a; > ao satisfying the condition (AMC) for 15
and qgp.

We show that the index a, satisfies (AC) for a. To do so take any a’ > a,
and any map & : X — X,, . Since pgq,h 1 Xo — X, , by the choices of a
and a, there exist an x € Xy and a U; € %, such that

(4) paoaJ’a.azh(x) s Paga;Da,a’ (x) € Uh.

By (3), there exists a U, € Z such that pa‘af, U, D U;. Thus, by (4),
(5) paaopaoalpalazh(x) s PaayPaya,Pa,a’ (x) € paao(Ul) c U,.
Since (paaopaoal s paal) <% by (2),

(6) (paaopaoalpalazh ’ paa.pa|azh) <%,

(7 (paaopaompa.a' > Paalpam’) <.

Since (Paa,Paja,> Paay) <% by (2)

(8) (paalpa,azpaza’ s Paazpaza’) <%,

9) (paalpa,azh s paazh) <.

Since (pa.azpaza' 5 Pa,a’) < %ﬁ by (Al) and pa_al% > %ﬂ by (3),

1

(10) (Paa,PasasPaza’ s PaayPayar) < Z.
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By (9), (6), (5), (7), (10), (8), and (1), there exists a U € %, such that
(11) Paayh(X) s PagyPayar (x) € st(st(Up, %), st#%) C U.

This means that a, satisfies the condition (AC) for a. Thus &2 satisfies (AC).

We show that (ii) implies (i). Take any a € 4. By (ii), there exists an
ap > a satisfying (AC) for 2 and a. We show that the indices ag > 14(ap)
and ag > a satisfy (AMC) for 15 and a. To do so take any a’ > gy and
any map h : X, — X, . By the choice of ag, there exist an x € X, and a
U € %, such that pua,h(X), PagyPasa’(X) € U. Since PagyPaga’ = Paay 1 X,y Paca’ »
this means that 14 satisfies (AMC).

We now consider (ii) and (iii). Clearly, (ACl) = (AC). We show that
(AC) = (ACl1). To do so take any a € A and any Z € Cov(X,). Take a
7" € Cov(X,) such that

(12) st7 <¥%.
By (A2) and (A3), there exists an a; > a such that
(13) (Paa'Para s Paa) <7 foranya” >a' >a,

(14) Poa? > st#u foranya > a.

By the assumption, there exists an a, > a; satisfying condition (AC) for q; .

We show that a, is the required index. Take any a4” > a, and any map
h: Xg» — Xg,. By the choice of a, and (AC), there exist a z € X,;» and a
U, € st%,, such that

(15) Paya,h(2), Paja,Para(2) € Uy

By (14), there exists a ¥; € 7” such that pz,!V; D U; . Then, by (15),
(16) PaaPaa,h(2), PaayPaa,Para (2) € V1.

By (13), (Paa,Pajay> Paa,) <7 . Thus, there exist V,, V3 € 77 such that
(17) PaaPaa;(2) Paayh(2) € V2,

(18) Paa,PayayPara(2) s PaayPaa(2) € V3.

By (16), (17), (18), and (12), there exists a U € Z such that

(19) Paa,h(2), Pag,Paa(z) € ViUV,UV Cst(Vy,77) C U.

This means that a, is the required index. Hence 2 satisfies (AC1).

We say that an approximate resolution p : X — 2 satisfies (AC) or is cosmic
provided &2 satisfies (AC).

(5.2) Lemma. Let p: X —» & and q : Y — % be cofinite approximate
APOL-resolutions. Let X and Y be homeomorphic. Then p satisfies (AC) if
and only if q satisfies (AC).
Proof. Let f: X — Y be a homeomorphism. By (1.15) there exists an approx-
imate resolution (p, q, f) of f. By Corollary (1.18), [f] is an isomorphism.
First, we assume that p satisfies (AC), i.e., 2 satisfies (AC). Then by Lemma
(5.1), [1g] satisfies (AMC). By Lemma (4.2), [f][l12] satisfies (AMC). Since
(fllle] = f] = [1]f], [1g][f] satisfies (AMC). Thus, by Lemma (4.4), [14]
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satisfies (AMC). Hence, by Lemma (5.1), % satisfies (AC), i.e., q satisfies
(AC).

Applying the above fact to the homeomorphism f~!:Y — X, we have the
converse assertion.

(5.3) Corollary. Let p: X — & and p' : X — Z' be cofinite approximate
APOL-resolutions. Then p satisfies (AC) if and only if p' satisfies (AC).

By Corollary (5.3), we say that a space X satisfies (AC) or is cosmic provided
any/some cofinite approximate APOL-resolution p : X — 2 of X satisfies
(AC).

By Lemma (5.2), we have that

(5.4) Corollary. Property (AC) is a topological invariant.
Lemmas (4.4) and (1.17) imply that

(5.5) Corollary. Let f: X - Y and g:Y — Z bemaps. If gf - X - Z
satisfies (AMC), then so does g .

(5.6) Corollary. If f: X — Y satisfies (AMC), then Y satisfies (AC).

(5.7) Example. Holsztynski [H] only considers universality in terms of a fixed
morphism between commutative inverse systems and the induced map on the
limit. In our approach a given map may be induced by many different mor-
phisms of approximate systems associated with the given map. Some of the
expansions of a given map may be universal in the sense of Holsztynski and
others may not. To see this consider a metric continuum X which is the inverse
limit of both a sequence of arcs and of a sequence of circles, i.e., X is arc-like
and circle-like. Any indecomposable arc-like continuum has this property (see
[Bu, Theorem 7]). Then X has an expansion X whose coordinate spaces are
all arcs and an expansion of the identitymap 1y : X — X, f: X — X given by
fi = 1x,, which is universal in the sense of Holsztynski. On the other hand, X
also has an expansion X' whose coordinate spaces are all circles and an expan-
sionof 1y, f:X - X givenby f/ =1 x:» which is not universal in the sense
of Holsztynski. Therefore universality in the sense of Holsztynski depends on
which expansion one uses and so it is not categorical.

We easily show
(5.8) Lemma. If & satisfies condition (US), then it satisfies (AC).
(US) (Va,Va' € A)(a' > a)(Vh : Xy — X;)(3x € Xyg) h(X) = Paar ().

(5.9) Remark. In (5.8), if 2 is commutative, then the condition (US) is
equivalent to unversality in the sense of Holsztynski [H] and Mioduszewski and
Rochowski [MiR]. Note that the condition (US) is not an approximate shape
invariant, i.e., it depends on (approximate) polyhedral resolutions (see Example
(5.7)).

Let X be a compact Hausdorff space and f, g : X — Y be continuous
maps. Let Z be an open covering of Y. We say that a point x € X is
a % -coincidence point of f and g provided that f(x), g(x) € U for some
UeZ.




COSMIC APPROXIMATE LIMITS AND FIXED POINTS 27

(5.10) Lemma. Let X be compact Hausdorff and Y Tychonoff. If f and
g have a 7/-coincidence point for any % € Cov(Y), then f and g have a
coincidence point. Moreover, if g is the identity map, then f has a fixed point.

Proof. Let F(Z)={x € X; x is a Z-coincidence point of f and g} for any
% € Cov(Y). By the definition, we have

Claim 1. If 7 <% ,then F(7')C F(%).
Now, we show that

Claim2. If st7 <% ,then F(7')C F(%).

To prove Claim 2, take any x € F(7”). There exist V;, V5 € Z” such that
(1) f(x)eV and g(x)e€ V.

Since f~!'¥; ng~'V, is an open neighborhood of x by (1), f~'Ving~Khn
F(7") # @ . So there exists a point y such that

(2) yefMng 'anF(Z).
By (2),

3) f)eV, and g(y)€ V.
Since y € F(7"), there exists a V3 € 77 such that
(4) f»), gy) e V.

By (1), (3), and (4), we have that f(x), g(x) €e UV UW; C st(Vs, 7).
Since st7” < %, there exists a U € #Z such that st(V3,7") ¢ U. Then,
f(x), g(x)eU,ie., x isa Z-coincidence point of f and g. Therefore we
have Claim 2.

Let jy.o : F(7") — F(#) be the inclusion map for each 77, % € Cov(Y)
with 77 < Z . Thus F(f, g) = {F(%), jy,»,Cov(Y)} forms an inverse
system. Let F(f, g) be the set of all coincidence points of f and g.

Claim 3. F(f, g) =limF(f, g).

Clearly limF(f, g) = ({F(¥) : Z € Cov(Y)}. Since F(f, g) Cc F(%) C
F(Z) forany Z € Cov(Y), F(f, g) C({F(%):% € Cov(Y)}.
We must show that ({F(%) : Z € Cov(Y)} C F(f, g). Take any x €

(WF(#Z) : Z € Cov(Y)}. We assume that x ¢ F(f, g), i.e,, f(x) # g(x).
Since Y is Tychonoff, there exists a Z € Cov(Y) such that

(5) st(f(x), Z)nst(g(x), %) = @.

There exists 7” € Cov(Y) such that stZ” < % . By Claim 2 and the choice of
X,

(6) xeF(Z)CF).

By (6), x € F(Z), i.e., there exists a member K € Z such that f(x), g(x) €
K. By (5), such a K does not exist. Thus, we have a contradiction. Thus,

f(x) = g(x), ie, x € F(f,g). Therefore, \{F(Z) : Z € Cov(Y)} C
F(f, g) and we have Claim 3.

Since F(f, g) is an inverse system consisting of nonempty compact Haus-
dorff spaces F(%), imF(f, g) is not empty. By Claim 3, F(f, g) is not
empty. Hence, f and g have a coincidence point and the proof is complete.
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(5.11) Theorem. Let f, g: X — Y be maps from a compact Hausdorff space
X to a Tychonoff space Y . Then their approximate APOL-resolutions satisfy
(AN) if and only if f and g have a coincidence point.

Theorem (5.11) follows from Lemmas (3.1) and (5.10).

(5.12) Lemma. If X satisfies (AC), then any map f: X — X has a 7 -fixed
point for any 7" € Cov(X).

Proof. Let p: X — £ be a cofinite approximate APOL-resolution. By the as-
sumption, 2 satisfies (AC). By Lemma (5.1), [12]: & — & satisfies (AMC).
Since 1y : & — Z is an approximate resolution of 1y : X — X, then 1y
satisfies the condition (i) in Lemma (4.8). Hence, we have the required property.

(5.13) Theorem. If X is a compact Hausdorff space with a cosmic approximate
ANR-resolution, then X has the fixed point property.

Theorem (5.13) follows from Lemmas (5.10) and (5.12).

(5.14) Corollary. Let p: X — (£, Z) be an approximate resolution of com-
pact Hausdorff spaces X,. If & satisfies (US), then X has the fixed point
property.

(5.15) Corollary. If X is an arc-like Hausdorff continuum, then X has the
fixed point property.

Proof. By [MM] X has an approximate resolution p = {p, : a € 4} : X —
& ={Xa, %, Paar » A} such that each X, is an arc and each p,, is surjective.
Since p,. 1is surjective, p,. is universal by Proposition 8 of [H] and so &
satisfies property (US). Hence, by (5.14), X has the fixed point property.

(5.16) Remark. This corollary extends a similar result in [H] to the Hausdorff
case. Mardesi¢ [M] constructed an arc-like continuum which is not an inverse
limit of any (commutative) inverse system of arcs. Therefore, we need the no-
tion of approximate resolution for our proof. The approximate limit approach
also allows for a generalization of fixed point results for tree-like continua to
the nonmetric case. Marsh [Ma] has introduced a class of maps between trees,
called u-maps, which are cosmic. So if a tree-like Hausdorff continuum X has
an approximate resolution as trees and u-mappings as bonding maps, then X
has the fixed point property.

(5.17) Corollary. If X is an essentially (n-cell)-like Hausdorff continuum, n >
2, then X has the fixed point property.

Proof. Let B" be an n-cell and S"~! be its boundary. The hypothesis means
X has an approximate resolution with n-cells B" as coordinate spaces X,
and bonding maps pay : Xo — X, such that pu|p}(S"!) : pA(S"!) —
S"=1 is essential (i.e., cannot be extended to a map of B" to S"~!). Then
by Proposition 10 of [H], £ satisfies (US). Therefore X has the fixed point

property by (5.14).

(5.18) Remark. Note that essentiality is necessary since there are (3-cell)-like
continua without the fixed point property (see [Bol] or [B, Theorem 20]).
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We now give an example of continuum having the fixed point property but
which is not cosmic.

(5.19) Example. The Warsaw Circle is a continuum X which has the fixed
point property, but does not satisfy property (AC).

We consider points a,, b,,n = 0,1,2,...,co and ¢; in the plane as
follows: ag = (0, -1),a, = (1, -1) for n =1,2,...,¢ =(0,0),¢ =
(1,0), b9 = (0,1), by = (L, 1) for each odd n, and b, = (1, 0) for each
even n. Then X = boagUaga; Ua by U, b;b;y is a continuum in the plane
R%.

Let

2n—1
X = byco U Colip U Gga; Uaicy Uc b U U bibiy1 U bypby

i=1

be a simplicial complex in R? for n > 1. Let pum : Xm — X, be a simplicial
map defined for m > n by

c ifv=>j,jisevenand 2m > j > 2n,

by ifv=>»;,jisoddand 2m > j > 2n,
Pnm(V) = {
v  otherwise.

It is easy to show that pm m,Pmym; = Pm,m, for m; < my; < ms. Then X =
{Xn, Pnm, N} is an (commutative) inverse sequence. Here N* is the set of
all positive integers with the usual order.

Let ¢, : {bo, co, a0, a1, c;}U{b;:i=1,2,...} - X0 ={by, co, a9, a1, ¢1}
U{bi:i=1,2,...,2n} be a map defined by

¢ ifv=>j,jisevenand j> 2n,
v otherwise.

by ifv=>j, jisoddand j > 2n,
(0,,(1))={

Clearly ¢, defines amap p,: X — X, . Since ¢, = ppmpm for n < m, we
have p, = pumPm. Thus p = {p, : n € N*} : X — X is a (commutative)
system map. It is not difficult to show that p : X — X is an inverse limit.
By Theorem 8 of [M1], p is a resolution. Then by (3.9) of [W1], there are
coverings %; € Cov(X;) such that p: X — (2, %) = {Xn, %, Pnm, N} is
an (commutative) approximate resolution of X .

We show that (2, %) does not satisfy property (AC). We assume that
(Z, ) satisfies condition (AC). By Lemma (5.1), it satisfies condition (AC1).
Take any n € N* and any covering 7, of X, such that the mesh of 7, < 1.
Then by (AC1), there exists an ng > n satisfying

(1) for each m > ny and each map % : X,, — X,,, there exists a point
X € X,y and a U € 7, such that ppp,(x), ppnyh(x) € U.

Take any m > ny. We define a map 4 : X,, — X,, as follows: We subdivide
Xm by

2m—1 2m—1

boco U Coap U agaz, U U a;y1ajuJyac Uebhu U bjbj+| U bymbg.
J=1 J=1
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Let 4 : X,, — X,, be a simplicial map defined by

(a, if v = by,
c if v = ¢y,
b] ifv=a0,

h(v) = bjs2 %fv=azm—j,03j52m—2,

bo ifv=a,
co if v =c¢y,
ap if v =by,

| domsz; ifv=b;,2<)<2m.

It is easy to show that L
(2) if x € boco UTpagUaici Uciby = K, then |m1ppm(x) — mipumh(x)| =1,
(3) if x € X;, — K, then |mpym(X) — mapnmh(x)| > 1.
Here 7; : R*? — R is the projection to the ith coordinate for each i =1, 2. By
(2) and (3), for each x € X,,, the distance between p,,(x) and ppmh(x) is
not less than 1. Since the mesh of 7, < 1, we cannot find a member U € 7,
containing both points py,,(x) and p,mh(x) for each x € X,,. Thus, this
contradicts (1). Hence (£, Z) does not satisfy property (AC). However, it is
well known that X has the fixed point property (see Theorem 13 of [B]).

6. COMPLEX PROJECTIVE #n-SPACE LIKE CONTINUA
AND THE FIXED POINT PROPERTY

Let P"(C) be the n-dimensional complex projective space. Note that the
geometrical dimension of P"(C) is 2n. The following data is well known:

Z forj=0,2,4,...,2n,
H;(P"(C); Z) =
(1) i(P(C); Z) {0 otherwise ,
0, j<2nandj#2,
(pn —

Here, Z is the additive group of all integers, and C is the field of all complex
numbers. Let Q be the field of all rational numbers.
(3) P"(C) is a 2n-dimensional orientable manifold without bound-

ary. Moreover, it is simply connected.

Let f : P"(C) — P"(C) be a map. Then, f induces a homomorphism
fo : Hh(P"(C); Z) —» Hy(P"(C); Z) . Since H,(P"(C); Z) = Z by (1), we take
a generator a of H(P"(C); Z) and then H,(P"(C);Z) = {ka:k € Z}. We
may define a A € Z by f.(a) = Aa. We say that A is the 2-dimensional degree
of f and write it as A = deg(f). Note that A does not depend on the choice
of the generator «. (See the proof of (7).)

By the universal coefficient theorem, we have the following exact sequence:

0 — Ext(H,-(P"(C); Z), Q) — H/(P"(C); Q)

@ — Hom(H;(P"(C); Z), Q) — 0.

By (1) and (4), we have

(5) I (P(C); @)u{

Q forj=0,2,4,...,2n,
9| 0 otherwise.
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By the naturality of the universal coefficient theorem,
H*(P"(C); Q)= Hom(H,(P"(C); Z), Q) 2 Hom(Z, Q) = Q
(6) ] Hom(f. . 1g) | Hom(x4, 1g) | L2
H*(P"(C); Q) =Hom(H,(P"(C); Z), Q) ® Hom(Z, Q) = Q,
where A = deg(f) and x4 is the homomorphism determined by multiplication
by 4. Let B be the generator of H?(P"(C); Q) determined by ¢~!(1), where
@ is an isomorphism in (5) and 1 € Q. Thus H?(P*(C); Q) = {rB: r € Q}
and f*(rp) = Arp foreach reQ.
Let B’ be another generator of H?(P"(C); Q). We put f*(B')=A'p', A €
Q. We show that
(7) A=A
Since S, B’ are generators, f # 0 and f' # 0. We put f = tf’, where
t=§2L€Q and t;,5, €Z. Since B #0 and B’ #0,then ¢, #0 and #, #0.
Since HB =118, bAB = Lfi(B) = fi(t2f) = (01 B') = 1 fu(B) =l B, ie,,
HA'B =tAp. Since B = %ﬁ', HWA'B = tAp = tzﬂ.%ﬂ’ =i B’ . Since B’ #0
and t, #0, HA'B’ = At; B’ implies A’ = A and we have (7). Thus we have that
(8) f*:H*(P"(C); Q) — H*(P"(C); Q) satisfies f*(B) =Ap for
any generator 8 of H*(P"(C); Q).
Hence A = deg(f).
Now, Q is a commutative field. It is well known that H*(P"(C); Q) forms
a cohomological ring such that H*(P"(C); Q) is a truncated polynomial ring
over Q generated by a generator x of H2(P"(C); Q) and height n+1, i.e.,

9 H*(P"(C); Q) = Pg[x]/(x").

Here Pg[x] is the ring of polynomials generated by x with rational coefficients,
and (x"*!) is an ideal generated by x"*!. Note that the cup product induces
the ring product structure of H*(P"(C); Q). (9) means that

(10) x/ is a generator of H¥ (P"*(C); Q).

By (8), we have that

(11) f*(x)=4ix, where f*: H*(P"(C); Q) — H*(P"(C); Q).

By (10) and (11), f*: H¥(P"(C); Q) — H¥(P"(C); Q) has the property:
j times j times

Fre) =) = 00 = () (%) = Ha,

Hence

(12) f*x)y=Ax) forj=1,2,...,n

Take any j = 0,1,2,...,n. Since f induces a holnomorphism fe
H,;(P"(C); Z) — H,;(P"(C);Z), by (1) there exists a Ay; € Z such that
fulez)) = Azjanj, where azj € Hy;(P"(C); Z) is a generator. Note that Ay;
does not depend on the choice of the generator «,;. Using the same argument
as (6)—(8) we have by (5) that for f* : H¥(P"(C); Q) — H¥(P"(C);Q),
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f*(B2j) = AzjBaj for any generator By, of HY (P*(C); Q) for j=0,1,... ,n.
However, by (10) and (12), we have A,; = &/. Hence, for f, : H,;(P"(C); Z) —
H;(P"(C); Z),

(13) f(Ba2j) = ¥ Baj

for any generator B,; € Hy;(P"(C);Z) and j=0,1,2,...,n.
By the universal coefficient theorem, we have

(14) 0 — H;(P"(C); 2)®Q L H;(P"(C); Q) — Tor(H;—(P"(C); Z), Q) — 0
for each j. Thus, by (1),

(15)
i o H;(P"(C);Z)9Q2Z®Q=x=Q forj=0,2,...,2n,
H;(p (C)’Q)-{O otherwise.

By (14) for j=0,1,2,... ,n,
Hj(P"(C);Z)®Q - H,;j(P"(C); Q)

(16) lf.@lq lf.
Hy;j(P"(C); Z) ®Q - Hy;(P"(C); Q)

is commutative. Since y is an isomorphism, by (13) and (16)
(17) ACHERY S

where EZj =y(fy®1). '
By the same way as in (7), we can show that A/ does not depend on the
choice of the generator f;, i.e., for f. : Hy;(P"*(C); Q) — H,;(P"(C); Q),

(18) fo(B2j) = A Baj
for any generator f,; € Hy;(P"(C); Q) and j=0,1,...,n.

Now, by (3) we have the Poincaré duality theorem: There exists an isomor-
phism
(19) D;: H/(P"(C); Q) — Ha—;(P"(C); Q)
forany j=0,1,2,...,2n. A .

We define a Gysin homomorphism f! : H/(P*(C); Q) — H/(P*(C); Q)
such that f1=D;'£,D;, ie,

H/(P'(C);Q) —— H/(P(0): Q)

(20) elD,- ng,
Hyn—;(P"(C); Q) — Hony (P"(C); Q)

-

is commutative. ‘ 4
We show that for f!: H (P"(C); Q) — H*(P"(C); Q),

(21) x))y=a""Ix) forj=0,1,...,n.
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By (10) and (19), D,;(x/) is a generator of H,,_,;(P"(C); Q). By (18),
(22) So(Daj(x7)) = A" Dyj(x?).
Thus,
fi(x?) = D3} fuDyj(x’) = D3} (A"~ Dy;(x))
= A"IDy!' Daj(x)) = "X/
Thus we have (21).

We calculate the Lefschetz number A(f, g) for maps f, g : P*(C) —» P"(C)
as follows.

(6.1) Lemma. Let f, g : P"(C) — P"(C) be maps. Then A(f, g) = A" +
Al A2 oo At 4 . Here A = deg(f) and p = deg(g).
Proof. Note that A(f, g) is defined by

Af,g) = fj(—l)f trace(gV f*/).
j=0
Here y ,
H (P"(C); Q) L5 HI(Pr(C); Q) 45 HI(P"(C); Q).
Takeany j=0,1,...,n. By (12)

(23) SHT) = fr(x) =X,

By (21), since u = deg(g),

(24) g (X)) =p"Ixl.

By (23) and (24)

(25) g A (x)y = punixd.

Since H¥(P*(C); Q) = Q,

(26) trace(g!¥ f*¥) =My forj=0,1,...,n.

Let j be an odd integer. By (5)
H/(P"(C); Q) 5 H/(P"(C); Q) T H/(P"(C); Q)

I I I

0
must be the zero homomorphism. Thus

(27) trace(gV f*/) =0 for any odd integer ;.
Hence, by (26) and (27),
2n

Af, g) =3 (~1) trace(gV f*)

Jj=0

n

= Y (=1)/ trace(gV /") + Y (~1)¥ trace(g!¥ f*¥)

j:odd j=0
n
=2 V.
Jj=0

Therefore, we have Lemma (6.1).
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(6.2) Lemma. Under the conditions of Lemma 6.1, we have

(i) Let n be an even integer. Then A(f, g) = 0 if and only if deg(f) =

deg(g) =0.
(i) Let n be an odd integer. Then A(f, g) = 0 if and only if deg(f) =

—deg(g) .

Proof. Let deg(f) = deg(g) = 0. Thus 4 = u = 0. By Lemma (6.1),
A(f, g) = 0. Next, we assume that A(f, g) = 0. We show that

(1) if A=0, then u=0.

Since 0=A(f, g) =A"+A""u+ - +Au" '+ pu* =", u=0. Similarly, we
have

(2) if 4 =0, then 1=0.

We show that
(3) if A#£0, then A # u.
We assume that A # 0 and A = u. Thus,
0=A(f, ) =A"+A""u+ -+ au" '+ pu" = (n+ 1)A".

Thus A" =0 and hence A = 0. This contradicts A # 0. Therefore 4 # u.
We show that

(4) if A#0, then § #0, 1.

If £=0,then x=0. By (2), A=0. This contradicts the assumption 1 # 0.
Therefore 4 # 0. Next, we put £ = 1. Since § = 1, then 4 = u. This
contradicts (3). Hence £ #0, 1.

We assume that A # 0. By (4), y = 4 #0, 1. Since A(f,g) =0, 0=
AMf,8)=a"(1+4+(4)%+ -+ (4)") and then

(5) l+y+---+y"=0.

Since 1+y+~~-+y"=l—7§l-,b)’(5)

(6) =1

Let w = cos 2% + isin-2% . It is well known that the solutions of (6) are
n+l1 n+l

y=1,w,w?,...,w" Since y # 1, the solutions of (5) are
(7) y=w,w?, ..., w"

We now show (i). Firstlet A # 0. Since y = w’/ = cos ;%7: + isin ;%n for

some j, 1 <j<n,by(7)and y=4%eQ, sin2;n=0. Hence 2Z =0 or

2% —q. If Z;mn=0,then j=0. This contradicts 1 <j<n. If Zrn=mn,

then j = %! . Since n iseven, Z4! is not an integer, but j must be an integer.
Hence j = "—’2“' is a contradiction. Next let A=0. By (1), A= =0. Hence
we have (1).
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Now, we consider (ii). If A= —u, then

AMS, @)=+ 2" o 4 Apm ™+ 20"
=2 ) = 3 (1) + (=1))An
j=0 j=0

Since n is odd, (—1)/ + (=1)"~/ =0. Thus A(f, g) =

We assume that A(f, g) =0. Firstlet 1 £0. Smce cos n_fT” + isin n—JrLln =

. . 2 2
y=4¢€Q forsome j, 1 <j<n,by(7), smﬁll_o Thusﬁil—o or

%11- =n.If EJ— =0, then j = 0. This contradicts 1 < j < n. Hence %}1 =n,

ie., ]—"“ Inthlscasey 11)f—cosn+l-"+1 21 + isin g - 23 - 2m =
cosm+isinmt=—1. Hence y = -1, ie., 1:‘1 sOo A=—u. Nextlet A=0.

Then by (1) A = u = 0. Hence, we have (i1).

(6.3) Corollary. Let deg(f)#0.
(1) If n is even, then A(f, g) #0 forany g : P"(C) — P*(C).
(ii) If n is odd, then A(f, g) # O for any map g : P*(C) — P"(C) with
deg(g) # —deg(f).

(6.4) Lemma. Let n be even and f: P"(C) — P"(C). If deg(f) # 0, then f
is cosmic.

Proof. By (i) of Corollary (6.3), A(f, g) # 0 for any g. By the coincidence
point theorem of Lefschetz (see p. 320 of [L]), f/ and g have a coincidence
point. Hence f is cosmic.

(6.5) Lemma. Let n beodd. If deg(f) # 0, then f and g have a coincidence
point for any g : P"(C) — P"(C) with deg(g) # —deg(f).

By (ii) of Corollary (6.3) and the Lefschetz coincidence point theorem [L]
we have Lemma (6.5).

Let [f] be the homotopy class of a map f : P*(C) — P"(C), and let
[P*(C), P*(C)] be the set of all homotopy classes of all maps between P"(C)
and itself. Since f, : H,(P"(C); Z) — H,(P"(C); Z) depends only on [f], we
define deg([f]) by deg(f).

(6.6) Lemma. deg:[P"(C), P*(C)] — Z is bijective.

To prove Lemma (6.6) we need some general results: Let Y be an (n — 1)-
connected and n-simple space. By the universal coefficient theorem and the
Hurewicz theorem, we have isomorphisms

K
H"(Y; n,(Y)) € Hom(H,(Y ; Z), m,(Y)),

E
a(Y) = Hy (Y Z).

Thus we may define a cohomology class yy € H*(Y ; n,(Y)) by K(yy) = E~!.
This cohomology class yy is called the n-characteristic cohomology class of Y .

(6.7) Lemma (Hopf-Eilenberg [Sp]). Let X be a CW complex with dim X =
k. Let Y be (n — l)-connected and j-simple for n < j < k such that
HMY (X ;nj(Y)) =0 for n<j<k,and H (X;n;(Y)) =0 for n< j<k.
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Then there is a bijection ¢ : [X,Y] — H"(X; n,(Y)). This ¢ is defined by
1= f*(yy).

Proof of Lemma (6.6). In the first paragraph of this section we described alge-
braic data (1), (2), and (3) for P"*(C). Using this data we can apply Lemma
(6.7) with X =Y = P"(C), n=2, k = 2n. Thus we have a bijection

(1) ¢ :[P"(C), P"(C)] - H?(P"(C); ma(P"(C))),

which is defined by ¢([f]) = f*(y) for any [f]. Take any f: P"(C) — P"(C).
We have the commutative diagrams:

2 (P"(C)) —:—» H,(P"(C); Z)

@ I I

Z Z
H?(P"(C); m2(P"(C))) % Hom(H,(P"(C); Z), m2(P"(C)))
(3) lf‘ ll—lom(f.,l)
H2(P"(C); m2(P"(C))) % Hom(H,(P"(C)); Z), m2(P"(C))).

Let a and B be generators of H>(P"(C); Z) and m,(P"(C)), respectively.
Since P"(C) is simply connected, the Hurewicz homomorphism E : (P"(C))
=Zp — Hy(P"(C); Z) = Za is an isomorphism. Thus

4) E(B) = (£1)a.

However, when we replace a generator f by —f, without loss of generality,
we may assume that E(8) = a, i.e.,

(3) E~Y(a) = B.

Therefore, E~! : H,(P"(C); Z) = Za — my(P"(C)) = Zp is defined by ka —
kp forany k € Z.

It is well known that for any homomorphism % : Za — Zf , there exists a
unique integer y(h) € Z such that

(6) h(ke) = y(h)kB

foreach k€ Z.
For any integer ny € Z, we define the homomorphism ngE~! : Za — Zf by

(7) noE~'(ka) = nokp for any k € Z.
Therefore, (6) and (7) mean that

(8) h=wh)E™".

Clearly,

(9) v : Hom(H,(P"(C); Z), n,(P"(C))) - Z

is bijective. Moreover it is group isomorphic. By (8),
(10) w(E™) = 1.
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By (3), Kf*(y) = Kf*K~'(E~') = Hom(f,, )KK~'(E~') = Hom(f,, 1)(E™")
=E-f,  ie,

(11) Kf*(y)=E"'f.
By the definition and (5), E~! fi(ka) = E~!((deg f)ka) = (deg f)kB, ie.,
(12) E™'f.=(deg f)E™".
By (11) and (12), w (K f*(y)) = deg f. Thus by (1),
(13) wKo([f]) = deg f.
This means that
(14) v Ko = deg.

Since ¢, K, and y are bijective, by (14) deg is also bijective. Hence we have
completed the proof of Lemma (6.6).

(6.8) Lemma. deg[g o f]= (deg[g])(deg[/f]) forany f, g: P"(C) — P"(C).
This lemma is trivial by using the definition of deg.

(6.9) Lemma. Let n be even. Let X be a P"(C)-like Hausdorff continuum. If
X is not movable, then it is cosmic.

Proof. Since X is a P"(C)-like Hausdorff continuum, by [MM] there exists an
approximate resolution p={p,:a€ A} : X - (Z, %) = {Xa, %, Paa > A}
such that

(1) each X, is P*(C),

(2) A is cofinite, antisymmetric, infinite and directed.

Since each X, is an ANR by (1), there exists a 7, € Cov(X,), 7, < #,, with
the property (see [HU]):

(3) For any space Y and any maps 4, k:Y — X,,if (h, k) < st*Z;, then
h and k are homotopic.

By (1.19) there exists an approximate resolution q = {g, : a € 4*} : X —
(¥, % )={Y,, #a, qaar , A*} such that

(4) A* is A as sets,

(5) Y., X, qua , and q, are X,, Z,, Paa , and p, for each a € A*,

(6) (a5 9aa9ar) < 7, for any a’>a.

By (1.20) and (3)-(5),

(7) H(q) : X — H(%¥) is an HANR-expansion.

By (1) and (5), each g4, : Y, = P"(C) — P"(C) = Y, for a’>>a has degree
deg[g..'] . We show that

(8) there exists an ag € 4 such that deg[gg,] # 0 for any a’>a,.

We assume that (8) is not true. Then by (8)

(9) for each a € A there exists an a’>>a such that deg[g,,/]=0.
We claim that

(10) H(%') is movable.

To show (10) take any a € A*. By (9) there exists an a’>a such that
deg[g,ar] = 0. Take any a”>>a and let h: Y, — Y, be a constant map. Since
deg[h] = 0, deg[guah] = deglqaa]deg[h] = O = deg[qan]. Since deg[quah] =
deg[gaa'], by (6.6)
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(11) [qaa”][h] = [qaa'] .

This means that H(%') is movable. So we have (10).

By (10), X is movable. Thus it contradicts the assumption. Hence we
have (8). Since 0 # deg[qua] = deg[qa,ar]degl[qara] and deg[gg.] # 0 for
a'’">a’>a by (8), deg[q, o] # 0. Thus by (8)

(12) there exists an ag € A* such that deg[g,,+]# 0 for any a’>a'>ay.
Let A*(ap) = {a € A : a>ap}. Since q : X — (%, 7') is an approximate
resolution and A*(ap) is a cofinal subset of A4*, it is easy to show that

(13) " ={gs:a€ 4™ (a)}: X = (¥, ') ={Ya, #a, daa » A*(a0)} is an
approximate resolution.

Since deg[g, 4] # 0 for each a”’>a’>ay by (12), ¢,,» and any map 4 :
Y,» — Y, have a coincidence point. Thus, (%, #")* satisfies condition (AC).
Hence, by (13), X is cosmic.

(6.10) Corollary. Let n beeven. Let X be a P"(C)-like Hausdorff continuum.
If X is not movable, then it has the fixed point property.

Corollary (6.10) follows from (5.13) and (6.9).

(6.11) Lemma. Let n be even. Let X be a P"(C)-like Hausdorff continuum.
If X has the shape of P"(C), then it satisfies (AC) and hence has the fixed point
property.

Proof. In the same way as above, we can obtain an approximate system (2, %)
={Xa, %, faa , A} satisfying (1), (2), (3), (4) in the proof of Lemma (6.9),
and

(2 deg[for]=1 foralla<d'.

In the same way as in Lemma (6.9), we can show that (2, Z) satisfies (AC).
Hence X has the fixed point property by (5.13).

Watanabe [W4] has shown that there is only one other shape class for a
P"(C)-like Hausdorff continuum X to consider, namely the case when X is of
trivial shape.

(6.12) Question. Let n be even. Let X be a P"(C)-like Hausdorff continuum.
If X has the trivial shape, does it have the fixed point property? (See (7.13)
for some partial results for this question.)

(6.13) Remark. Note that for n = 1, P"(C) = S2. So one can readily see that
(6.9), (6.10), and (6.11) are all false in this case. For the first two cases consider
X to be the suspension of the Dyadic Solenoid and for the third consider X
to be 2.

7. NEARLY EXTENDABLE MAPS AND APPROXIMATE RESOLUTIONS

In [Bo2] Borsuk introduced the notion of a nearly extendable map between
compact metric spaces. This notion was extended to a map between arbitrary
spaces by Watanabe [W3]. He used approximate resolutions in his sense, i.e.,
commutative approximate resolutions in our sense. Thus, we shall give a defini-
tion of a nearly extendable map by using approximate resolutions in our sense,
i.e., by using noncommutative approximate resolutions.

Let f={f,f,:b€eB}: (X% ={Xo, %, Paw,A} - (¥,7) =
{Yy, 7, qppr » B} be an approximate map. We consider the following con-
dition:
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(NE)* For each b € B there exists an ay > f(b) with two properties:

(i) (Psb)aPaa > Priyar) < Sy ' % forany @' > ap.
(ii) There exists a map & : Xg — Yp such that (foprp)e,, doprh) < st?Z;
forany o' > b.

(7.1) Lemma. If f is a uniform approximate map, then it satisfies property (i)
in (NE)*

Proof. By (A2) for (#,%), for each b € B, there exists an gy > f(b) such
that

(1) (Pf(b)agPasa’ » Privyar) < %spy for any a’ > ag > f(b).
Since f is uniform,
(2) 15\ 7 > %y

By (1) and (2), we have property (i).
(7.2) Lemma. Let (2,%) and (¥ ,7") be commutative approximate sys-
tems. If £: (2, %) — (¥, 7") is uniform, then the condition (NE)* is equiva-
lent to condition (NE) in [W3].
Proof. By Lemma (7.1), we need only property (ii) in (NE)*. Thus, clearly the
condition (NE) implies the condition (NE)*.

We show that (NE)* implies (NE). Take any b € B. By (AI3) (see [W1])
there exists a b; > b such that
() G > P 7,

By the assumption, there exists an ag > f(b;) satisfying (NE)* for b;. Since
by > b, by (AM2) of [W1] there exists an a; > ag, f(b) such that

(2) (ﬁ)pf(b)m B qbblﬁ)lpf(b,)m) < %'

Take any b’ > b. Take any b” > b’, b;. By the choice of ay, there exists a
map h: X, — Y,» such that

(3) (@0t s S5, D 1(b)as) < ST P,
Since (¥, 7”) is commutative, by (1) and (3),

(4) (@osh s Gbo, fo,P1(b1)ay) < Zp-
Since (2, Z) is commutative, by (4),

(5) (9bb' 96 MDaga, s bb, S5, P 1(b1)ay) < -
We put % = gy hpasa, : Xa — Yy . By (2) and (5),

(6) @l s Sopsym) < st 7.

Thus we have the condition (NE).

(7.3) Corollary. Let f: (2, %) — (%, 7") be an approximate system map in
the sense of [W1]. Then f satisfies the condition (NE) if and only if it satisfies
condition (NE)*.

We can prove the following lemma by a slight modification of the proof of
(1.1) in [W3].
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(7.4) Lemma. Let f,g: (2, %) — (¥ ,7") be approximate system maps. If
f~ g and f satisfies condition (NE)* then so does g.

By Lemma (7.4), we can say that [f] satisfies the condition (NE)* provided
f satisfies condition (NE)*. We can prove the following lemma by a slight
modification of the proof of (1.2) in [W3].

(7.5) Lemma. Let f: (&, %) - (¥ ,7 ) and g: (¥ ,7) - (Z,¥) be
approximate system maps.

(i) If [f] satisfies (NE)* then so does [g][f].
(ii) If [g] satisfies (NE)* then so does [g][f].

Let f: X >Y beamap. Let p: X - (Z, %), p : X - (Z,%),q:
Y - (¥.,7),and ¢ : Y — (¥,7") be approximate APOL-resolutions.
Let f: (Z, %) - (¥,.7) and f : (&, %) — (¥ ,7") be approximate
resolutions of f .

(7.6) Lemma. f satisfies (NE)* if and only if f does.

Proof. Let i : (&, %) - (Z,%),and V' : (Z,%) — (Z,%) be ap-
proximate resolutions of 1y : X — X. Let j: (¥,7) - (¥ ,7) and
i (&,7) - (¥,7) be approximate resolutions of 1y : ¥ — Y. Thus
[f1 = [lf)[i'] and [f] = [§’][f][i] by Corollary (1.17). So (7.6) follows from
Lemma (7.5).

We say that a map f : X — Y is nearly extendable (or is an NE-map)
provided any/some approximate resolution satisfies (NE)*. So (7.5) implies
(7.7) Lemma. Let f: X —»Y, g:Y — Z be maps.

(i) If f is an NE-map, then sois gf .
(ii) If g is an NE-map, then sois gf .

A space X is an NE-set provided 1x : X — X is an NE-map. It is easy to
show the following:

(7.8) Lemma. A space X is an NE-set if and only if any/some approximate
APOL-resolution p: X — (2, ) satisfies the condition:

(%) For each a € A there exists an ay > a such that for any a' > a there
exists amap h: X — Xy With (Dagy, Daarh) < st?%,.

Now, this condition (*x) is equivalent to approximate movability.

(7.9) Lemma ((1.11) of [W3]). 4 space X is an NE-set if and only if X is
approximately movable.

(7.10) Theorem. Let p: X — (£, %) be an approximate APOL-resolution
of a compact Hausdorff space X . We assume that all terms X, have the fixed
point property. If f: X — X is an NE-map, then [ has a fixed point.

Proof. Let f = {f, f, :a € A} : (&,%) - (Z,%) be an approximate
resolution of f. Take any a € 4. By (A3) there exists ag > a such that

(1) DPor#y > st %, for any a' > ay.

By the assumption, there exists an a; > ag, f(ag) satisfying (i) and (ii) in
(NE)* for gy and f.
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Take any a’ > a;. By the choice of a,, there exists a map 4 : X, — Xy
such that

(2) (pf(ao)alpala’ s pf(ao)a’) < f;zEI%ao s

(3) (JaoPs(ao)as > Pasarh) < St g,

Since X, has the fixed point property, there exists a point xy € X, such
that

(4) hpa,ar(Xo0) = Xo.

By (2) and (3),

(5) (faopf(ao)a’ > Paoa’hpa,a') < st} ?/ao-
By (1) and (5),

(6) (paaofaopf(ao)a' s DaayPaya' hPaya’) < %a.

Since PagyPaga’ MPaya (X0) = PaggPaga’ (X0) by (4), by (6) there exists a U € %,
such that

(7 Paaofaopf(ao)a' (X0)» PaapPaga’ (X0) € U.

This means that f satisfies (AFP). Then, by Corollary (3.2), f: X — X hasa
% -fixed point for any % € Cov(X). Hence, by Lemma (5.10), f has a fixed
point.

(7.11) Corollary. Let X be an approximately movable Hausdorff compactum.
If X has an approximate resolution of polyhedra having the fixed point property,
then X has the fixed point property.

Corollary (7.11) follows from (7.9), (7.7), and (7.10).

(7.12) Remark. Without approximate movability, (7.11) does not hold. For
example, the continua mentioned in Remark (5.18) have approximate resolu-
tions with polyhedra each having the fixed point property, but do not have the
fixed point property.

(7.13) Remark. In [W3] we proved a Lefschetz-type fixed point theorem for
NE-maps. So under the conditions of Question (6.12) any NE-map has a fixed
point. In the special case when X is approximately movable, X has the fixed
point property by Lemma (7.9).

8. REFINABLE MAPS AND COSMICALITY

Let (Z,%) = {Xo, %y Paa, A}, (¥ ,7) = {Yy, 7, app » B}, and
(Z,%)={Z.,#:,r.,C} be approximate inverse systems over cofinite di-
rected sets. Let f={f, f,: b€ B} : (&, %) — (¥ ,7") be a system map.
We say that f is an approximate pseudo-isomorphism provided it satisfies the
following condition:

(Vb € B)(3ag > f(b))(Va' > ap)

(3 > b)3g: Yy — Xa) (fsProyw &> dor) <%
(Vd" > b")3a" > a')(3h : Xg» — Ypu)

(gqb’b“h > pa'a”) < st Uy

(API)
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(8.1) Lemma. Let f,f ={f",f,:beB}:(Z,%)— (¥,7) be approx-
imate system maps. Let f ~ f. If f is an approximate pseudo-isomorphism,
thensois f .

Proof. Without loss of generality we may assume that f=f . Take any b; € B.
By (A3) there exists a b > b; such that

(1) 45,575, > st* %,

There exists an ag > f(b) satisfying (API) for f and 5. Since f=f, by (AM)
for f and (EM) of [MW] there exists an a; > f'(b;), f'(b), ap such that

(2) (Jo,Prbna s AbbSoPrpar) < st 7,
for any a’ > a; and
(3) (foPrvyar s JoPrpya) < St 7

for any a’ > a, .
Take any a’ > a;. By the choice of gy there exist a 4' > b and a map
g : Y, — X, satisfying (API). Then

4) (foPrvyar &8s dbpr) < St 7.

Take any b” > b'. By (API) and the choices of 4’ and g, there exist an
a" >a and amap A : X, — Yy such that

(5) (&apph s Paar) < st %y.

By (1) and (4),

(6) (95,6 SoP 1010’ & > dbybdbbr) < Z,-
By (1) and (3),

(7 (@b,bSoPrb)a & > Aoy SoPr (by)a &) < P,
By (2),

(8) (5, Prbna 8> b6 SyPrbyar8) < St Zp,.
Since (qp,646p' > db,b0) < 75, by (Al), by (6), (7), and (8),
9 (@b s Sy Dy 8) < St %,

Inequalities (9) and (5) mean that f' satisfies (API).

By (8.1) we can say that [f] is an approximate pseudo-isomorphism provided
f is an approximate pseudo-isomorphism.
(8.2) Lemma. Let f: (2, %) - (¥,7) and g: (¥, 7)) - (Z,%) be
approximate system maps. If [f] and [g] are approximate pseudo-isomorphisms,
then so is [g][f].

Proof. By Lemma (8.1) and (8.6) of [MW] we may assume that f and g are
uniform. Moreover, by (8.2) of [MW] we may assume that

(1) gf . (Z,%)— (Z,7%) is an approximate map

and

(2) (ef] = [g]If].
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We show that gf satisfies (API). Take any ¢; € C. By (A3) there exists a

¢; > ¢; such that
(3) rr ., > st* . forany ¢ > c,.

cc!

By (1) and (AM), there exists an a; > fg(c;), fg(c;) such that

(4) (gclfé(cl)pfg(cl ya' s Tepey gczfg(cz)Pfg(cz)a') <st %. for any a>a.

Since f and g satisfy (API), there exist a b; > g(c;) and an a; > fg(c)
satisfying (API) for g, ¢,, and for f, g(c3).

There exists an a3 > a;, a;. Take any a’ > a;. By (A3) there exists an
as > a' such that

(5) DysnUy > st® U for any a” > ag.

Then a4 > a,, so by the choice of a,, there exist a b, > g(c;) and a map
a: Y, — X,, satisfying (API). Then

(6) (fetePreea®: dgicyp,) < St Zg(ey)-

By (A2) and (A3) there exists a b3 > b, b, such that

(7 Gy p (0 %a,) > st 7y forany b’ > b,
(8) (@563 by s bypr) < @' %o, for any b” > bs.

By (API) for g and the choice of b, there exist a ¢3 > ¢, and a map f :
Z., — Y, satisfying (API). Thus

®) (8c:9g(c)bs B> Teres) < S X,

Take any ¢” > ¢3. By (API) for f and g, there exista b” > b3, an a” > a4,
and maps y: Yy — Zov, & : Xpv — Yy such that

(10) (ﬂrqc"y s qb;b") < st %3 5

(1 1) (aqbzb”5 > p(l.;d”) < St %4‘

By (6),

(12) (fe(c)Pre(cas@b,6,B 5 g(cp, bty B) < S Zg(cy)-
By (Al),

(13) (qg(fz)bquzbgﬁ ’ qg((‘z)bgﬂ) < %(62)'

Since g is uniform,

(14) 8e Yo, > Vgcr)-

By (12), (13), and (14),

(15) (8er fa(enPre(cnas@bsts B s 8erg(enyps B) < S X,
By (9), (15), (3), and (A1),

(16) (rflfzgC2f:g(Cz)pfg(Cz)a4aqb2b;ﬂ 5 rc.c;) < st %.-
By (4),

(17) (gclfig((‘l)pfg(cl)aataqbeJﬂ » Tee 8, f;&'(cz)pfg(cz)a4aqbzb3ﬂ) <st%,.
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Since.(pfg(t‘l)a'pa’aw pfg(c‘l)tu) < ?/fg(cl) by (Al) and (gclfg(cl))_l%l > ?/fg(cl)
by uniformities of f and g,

(18) (gclf.‘g(cl)pfg(cl)alpala4aqb2b3ﬂ > 8ey fg(cl)pfg(t‘l)waqbzbsﬂ) < %1‘
By (16), (17), and (18),

(19) (8 St Prs(c)a Paas@lbyb B s Tere;) < S e,
By (10) and (7),

(20) (0Gb,b, Bresen 70 Gy Aoy ) < -

By (8),

(21) (0db,5,dby6110 5 Gp,p110) < o,

By (20), (21), (11), and (5),

(22) (Pa'ay@db,b, BTesc V0 s PatagParar) < ot
Since (Pa'a,Pasa > Para’) < Za by (Al), by (22) we have
(23) (Pata, @G, Bresc 70 s Parar) < St %y

Inequalities (19) and (23) mean that m = py4,aqpp,B : Ze;, = Xo and n =
y0 : Xgv — Z» satisfy the condition (API) for gf.

(8.3) Lemma. If [f]: (Z,%) - (¥ ,7") is an isomorphism in APRO-TOP,
then [f] is an approximate pseudo-isomorphism.

Proof. Since [f] is an isomorphism, there exists a morphism [g]: (%, 7") —
(&, #) such that

(1) [gllfl = [1(2,%)] and [fllg] =1z, )]

By (8.6) of [MW] and (8.1) we may assume that f and g are uniform. Then
by (8.2) of [MW] there are 2-refinement functions s: 4 - 4 and s': B —» B
such that

(2) (8]lf] = [s(g)f] and [fl[g] = [s'(f)g].

By (7.8) of [MW] there exist refinement functions w: 4 — 4 and w': B — B
such that

(3) w(s@f) =w(le ») and w'(s(f)g) =w'(ly, 7).
Take any b € B. By (A3) there exists a by > b such that
(4) %oty 76 > SV V.

Let ¢ = qbow’(bo)qw’(bo)s'w’(bo)ﬁ’w’(bo) : st"w’(bo) — Ybo. By the second formula
in (3) there exists a b; > w'(by), gfs’'w’'(by) such that

(5)  (D&fsrw (b)dgssw (bo)b' s Tbow' (bo) T (ko)) < St P, for any b’ > by.
By (AM) for f there exists an ag > f(b), fs'w'(by) such that

(6) (@bs'w (bo) Ss'w! (bo)Pfs'w (bo)a’ » JoPribyar) < st 75 for any a’ > ay.
Take any a’ > ag. By (A3) there exists an a; > a’ such that
(7) Py Yo > S y,.
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Let ¥ = Dgw(a)Pw(a))sw(a)Esw(ay)  Yesw(a) = Xa,- By (3) there exists an a; >
w(a,), fgsw(a,) such that

(8) (Wfésw(a.)pfgsw(al)a“ » Dayw(a;)Pw(a )a") < st %al for any a" > a.

By (AM) for g there exists a b, > b;, gsw(a;) such that

9) (8151w (bo)Dg fs'w' (bo)b’ > Pfs'w (by)sw(a)&swia)Dgswia)b') < St %s'w’(bo)
for any b’ > b,.

Take any b’ > b,. By (AM) for f there exists an a3 > a,, f(b’) such that
(10) (fgsw(a,)pfgsw(al)a3 s qgsw(a,)b'ﬁv'pf(b’)ag) <st %Sw(al)’

Let a = Pa'sw(a,) 8sw(a,)Dgsw(a,)b, + sz - Xy aqd ﬂ = ﬁ)'pf(b')a; : Xa; - Yb’ .
Since f is uniform, w’, s’ are refinement functions, and (P sy (b)a'Pa'swiar) s

pfs’w'(bo),sw(al)) < %fs’w’(bo) by (Al),
(1 1) (‘i’pfs’w’(bo)a’a’ d’pfs'w'(bo)sw(a,)gsw(a.)qgsw(al)bz) < %o’

Since f is uniform and s’, w’ are refinement functions, by (9)

(12) (¢Pfs’w’(bo)sw(a|)gsw(a.)Qgsw\a,)bz ’ ¢gfs'w'(bo)qgfs’w’(bo)b2) < %o'
Let A = gpysw (bo) frw! ()P fstw (bo)ar * Xao — Y- By (Al) for (¥, 77)

(13) (DD fsw (boyar s A) < Py,

(14) (Gbow! (bo) Fw' (bo)by » Aboby) < Py

By (14), (5), (12), (11), and (13),

(15) (qbob2 , Aa) < st? %0

By (4) and (15),

(16) (Qbbo oty » dbbyAQ) < Zp.

By (Al),

(17) (GbboTboby > bb,) < 7

(18) (GbboAar, Qs (by) fsrw! (bo)P f5'w' (Bo)a' @) < Zp-
By (6),

(19) (Gbsw! (bo) Ssrw! (bo)P fs'w (bo)ar @ s JoPf(byar @) < St Z.
By (17), (16), (18), and (19),

(20) (@b, » SoPibyr@) < st 7.

Since s, w are refinement functions and g is uniform, by (10) and (A1)
for (¥,7)

(21) ('//fgsw(al)pfgsw(al)ag ’ V/Qgsw(al)b’fb'pf(b')ag) < %. s

(22) (I/ICD, '/IQgsw(m)b’ﬁ?’pf(b’)a;) < %I ’
where w = qgsw(a.)bquzb'ﬁ)’pf(b’)ag : Xa; - Ygsw(al)- By (Al) for (%, ?/)
(23) (V/w, pa,sw(a,)gsw(a.)w) < %.-
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Since (palw(a.)pw(al)a3 s palag) < ?/al , by (8) for a" = as, (21), (22)a and (23)

(24) (Pa,a; > pa.sw(a,)gsw(al)w) < Stz %1'
By (7) and (24),

(25) (pa’alpalag s pa'alpa,sw(al)gsw(m)w) < ?/a,-
By (Al) for (#, %),

(26) (pa’alpmsw(a.)gsw(al)wa a‘Ibzb’ﬂ) < %'
Since (pa’alpam; 5 Pa’a;) < ?/a/ by (Al), by (25) and (26)
(27) (Paray» oypr B) < St %,

Inequalities (20) and (27) mean that f satisfies (API).

Let f: X > Y beamap. Let p: X - (Z, %), p : X - (&, %),
qQ:Y > (¥,7),and ¢ :Y - (¥ ,7") be approximate APOL-resolutions,
respectively. Then we have the following lemma.

(8.4) Lemma. Let (p,q,f) and (0, d', ') be approximate APOL-resolutions
of f. Then f is an approximate pseudo-isomorphism if and only if f is.

Proof. By (1.15) there exist approximate resolutions (p, p’, u), (q,q’,v), and
(p,q,h) of 1y, 1y, and f, respectively. Thus by (1.17) [f][u] = [h] =
[vI[f]. By (1.18) [u] and [v] are isomorphisms. So if [f] is an approximate
pseudo-isomorphism, then [f] = [v][f]lu]~! is also an approximate pseudo-
isomorphism by (8.2) and (8.3). The converse follows in the same way.

By (8.4) we may say amap f : X — Y is an approximate pseudo-isomorphism
provided some/any of its approximate APOL-resolutions is an approximate
pseudo-isomorphism.

(8.5) Lemma. Let (2, %), (¥ ,7 ) and £: (', %) — (¥, 7") be approx-
imate inverse systems and an approximate system map in the sense of [W1],
respectively. Then { satisfies (API) if and only if it satisfies the following condi-
tion:

(Vb € B)(Va' > f(b))(3b' > b)(3g : Yy — Xu)

(foPrbya &> abb) < StZ

(Vb” > b[)(aa” > a)(Elh : Xa” — Ybrl)

(&apprh, Parar) < .

Proof. Note that (27, %), (¥ , 7") are approximate commutative inverse sys-
tems and f is uniform by (AM2) of [W1].

We show that (API) implies (APIl). Take any b € B and a € A with
a > f(b). By (A3) there exists a by > b such that

(API1)

() GiTh > S5,
By (AM2) of [W1] there exists an a; > f(b), f(by) such that
(2) (foDfibyay > DbboSroP rb0)ar) < P

By the assumption, there exists an ag > f(by) satisfying (API) for by. By (A3)
there exists an a, > ap, a;, a such that

(3) Pansta > st U,.
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By the choice of ay , there exista b; > by and a map g:Y, — X, such that

(4) (fooP fbo)ar€ > bob,) < S Py

and satisfying (API) for ag, b,, and g. Take any b’ > b;. By the choices of
ap, by, and g, there exists an a3 > a, and a map h: X, — Y}, such that

(5) (gqb,b'h s Pa2a3) < St?/az-

Let a = pua,g 1 Yy, — X,. Since (¥, 7") is commutative, by (1) and (4)
we have

(6) (Gbby SooPr(b0)ar & > Abby) < 7
Since (£, ) is commutative, by (2)

(7) (SoPfB)a®> AbbySooP f(bo)ar &) < Zp-
By (6) and (7) we have

(8) (foPsb)a®s abs,) < St7.
Since (£, ) is commutative, by (3) and (5) we have
9) (agpph s Paay) < Za.

Thus (8) and (9) mean that f satisfies (API1).
Finally, we show that (API1) implies (API). This is done by taking ag = f(b)
for any b € B in (API).

Let f: X —» Y be amap. Let Z € Cov(X). We say that f is a Z-map
provided for each y € Y, f~1(y) c U for some U € % . We say that f isa
refinable map provided f is onto and it satisfies the following condition: For
any Z € Cov(X) and 7" € Cov(Y) there exists a map g : X — Y such that
gisa Z-mapand (f, g)<7 .

Clearly, the above definition of refinability for a map between compact metric
spaces is equivalent to the original one of Ford and Rogers [FR].

(8.6) Theorem. If f: X — Y is a refinable map between compact Hausdorff
spaces, then f is an approximate pseudo-isomorphism.

In Chapters 21 and 27 of [W] we investigated property (API1) for approxi-
mate system maps in the sense of [W1]. Also we showed that any approximate
resolution in the sense of [W1] of a refinable map between compact Hausdorff
spaces satisfies (API1). Thus by (8.5) we have (8.6). Koyama [K] generalized
(8.6) to locally compact paracompact spaces in the commutative case. So (8.5)
and his proof also yield a proof of (8.6). Since his proof has been published,
we omit our proof.

(8.7) Theorem. Let f: (% ,%) — (¥ ,7") be an approximate pseudo-isomor-
phism. If (£, %) satisfies (AC), then so does (¥ ,7").

Proof. Takeany b € B anda 7" € Cov(Y,) such that st7” < 7} . There exists
a by > b such that

(1) Gy (7)) > st* P, for any b’ > by,

(2) (@b qorp > qoer) <7~ for any b” > b' > by.
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There exists an a; > f(b;) such that
(3) Prbafy ' 75) > % forany a' > ay,

(4) (Prb)arPara s Prpyar) < fbjl%l fora’ > a' > a,.

By the assumption, there exists an a3 > a, satisfying condition (AC) for
(Z,%) and a,. Since f is an approximate pseudo-isomorphism, applying
Lemma (8.5), there exist a b, > by and a map g : ¥;, — X,;, and for each
by > by there exist an a4 > a3 and a map h: X, — Y,, such that

(5) (fb,pf(ln)agg, qb|b2) < St2 %1 b

(6) (gqbzbgh ’ pa3a4) < St %3'

Take any map a : Y,, — Y, . We may consider o/ = gah : X,, — X,, . By the
choice of a3, there exist a point xp € X, and a Uj € %, such that

(7) paza3paga4(x0) ’ pa2a3a’(x0) e UO'
By (3) and (7), there exists a V; € 73, such that

(8) S0P f(b)arParayPazas(X0) s So,Pf(by)aryPazar@ (X0) € Vo.

By (4),

(9) (fo.Priby)arPasas s o, Pfiby)as) < Z,-

Thus, by (9), there exist V;, V; € 7, such that

(10) Jo,Pf(b))aParasPasas(X0) s Jo,D(by)asPasas(X0) € V1,

(11) JoPrivi)asParas (X0) s fo,Priby)ay @ (X0) € Va.

By (3) and (6),

(12) (S0P fiby)as 8Abybs s So, P f(by)asPasas) < Db,

By (5),

(13) (fouPrsyas8ah, Gy p,ah) < st 7,

(14) (fouPs(b1)as 8,03 P s by, by k) < ST 75,

By (12), (13), and (14), there exist V3 € 7, , V4, Vs € st? %, such that
(15) Jo.Pf(b1)as 89b,0,h(X0) s fo,P1(by)asPasas(X0) € V3,

(16) IoPribnas@ (X0) s Gps,0h(x0) € Vi,

(17) Jo.Pf(b1)as 89b,6,7(X0) s Gb,b,98,6,h(X0) € V5.

By (16), (11), (8), (10), (15), and (17), there exists a V; € st®> 73, such that
(18) b,5,h(X0) , b,6,9b,6,h(X0) € V5.

By (1) and (18), there exists a V5 € 7 such that
(19) Qbb,9b,6,2h(X0) 5 dbb, b, 5,9b,6,7(X0) € V7.
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By (2), there exist Vg, Vo € Z; such that

(20) Qb db, 5,0 (X0) , Gpp,h(X0) € V3,

(21) Gbb, Db,y dbyb, 1 (X0) 5 AbbyAbys P (X0) € Vi

By (20), (19), (21), and the choice of 77, there exists a V' € 7}, such that
(22) dbb,ah(X0), Gbb,db,0,R(X0) € st(V7, Z3) C V.

Therefore, we put yo = h(xp) ; then (22) means that b, satisfies condition (AC)
for b. Hence, (%, 7") satisfies (AC).

(8.8) Corollary. Let f: X — Y be a refinable map between compact Hausdorff
spaces. If X is cosmic, then sois Y .

We consider the question: Does a refinable map preserve the fixed point
property? The next example gives a negative answer to this question.

(8.9) Example. There exists a refinable map f : X — Y between compacta
such that X has the fixed point property, but Y does not have it.

Proof. We shall use the same notation as in Example (5.19). Let X = byag U

P [o o J—
aoaUa byU | b;b;;, be acontinuum in R?. Let Y = CoaoUaoa, Uaic;Ucoc; be
i=1
acontinuum in R?. X and Y are the Warsaw circle and a circle, respectively.
We define a map 7 : R? — R? as follows:

[ (x,0) ify>0,
e ={ ) itz
Clearly n is continuous and #(X)=Y. Let f=n|X: X — Y. We show that
Claim. f is a refinable map.
Take any ¢ > 0 and then there is an integer n with % <e. Weput b =
(1 - 51, 1)€ R*. We put

T n+l0
2n
Zni1 = byni10o U Coap Uapa; Uac U Clbi U b{bz U Ubjbj+l C R

j=2
We define a map 73,41 : X — Z,,,1 as follows:
(557, 7) for0<x<zlq, 0<y<l,
raner (%, 7)) = (Bty+1,y) fori<x<1,0<y<1,
(1-545,y) forx=1, 0<y<I,
(x,y) otherwise.

Finally, we put f; = ary,4 : X — Z,4 — Y. By definition, d(f, f;) < ¢
and f; is an ¢-mapping. Thus f is a refinable map.

It is well known that X has the fixed point property (Theorem 13 of [B]),
but Y does not. Hence, the refinable map f does not preserve the fixed point
property.

9. HYPERSPACES AND THE FIXED POINT PROPERTY

In 1952, Knaster raised the question of when does the hyperspace C(X) have
the fixed point property (see Chapter VII of [N]). There have been a number
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of positive and negative results given for this question in the compact metric
case. Here we extend some of these results to the compact Hausdorff case as an
application of the theorems obtained in §5.

Let X be a compact Hausdorff space. Let 2X be the set of all nonempty
closed subsets of X . Let C(X) be the set of all nonempty closed connected
subsets of X .

Let U;, U,, ..., U, be open subsets of X . Let (U, Uy, ... ,U,) ={K €
2X : K cUL,U; and U;nK # o for each i,1 < i < n}. Then, & =
{(Ul,Uz,... ,Up) : Uy, ..., U, are open subsets of X and n =1,2,...}

is a basis of the Vietoris topology of 2X. Let C(X) be a subspace of 2"’ 2"'
and C(X) are hyperspaces of X .
Let % be an open covering of X . Let (%#) = {(U;, Us, ... , Up): Uy, Uy,
,Ur €% and n=1,2,...}. Morita [Mo] has proved that {(%¥) : Z €
Cov(X)} is a uniformity of 2X. By the uniqueness of the uniformity on a
compact Hausdorff space, we have

(9.1) Lemma (see (3.1) of [W3]). The uniformities {{(Z) : % € Cov(X)} and
Cov(2X) are equivalent, that is, for each # € Cov(2X) there exists a % €
Cov(X) such that (Z)< ¥ .

Let f: X — Y be a map between compact Hausdorff spaces. Then f
induces maps f:2X¥ —»2Y and f:C(X) — C(Y).

(9.2) Lemma (see (3.2) of [W3]). Let Z € Cov(X) and ¥ € Cov(Y). If

Y7 > U, then (f)~'(7) > (%) for f:2%X — 2Y. Similarly, this holds for
T:C(X) - C(Y).

(9.3) Lemma (see (3.4) of [W3]). Let f,g: X — Y be maps and 7" €
Cov(Y). If (f,g) <7 , then (f,g) <(Z) for f,g:2%X — 2Y. Similarly,
this holds for f,g:C(X)— C(Y).

Let (22, %) ={Xa, %, Paz , A} be an approximate inverse system of com-
pact Hausdorff spaces X, . Thus, we define 2 %) = {2Xa (%), Daar , A} and
C&Z,%)={C(Xa), (#)|C(Xa), Paa , A}.

(9.4) Lemma. If (2, %) is an approximate inverse system, then so are 2% %)
and C(Z,%).
Proof. We must show the conditions (A1)-(A3) for 2(%>%)

Since (£, %) is an approximate inverse system, it satisfies (Al1)-(A3). B
(A1) for (£, %), for a<a <a", (PaaPaa > Paa) < % . Since (fg) = f-
for f: X —-Y,g:Y — Z,by Lemma (9.3), (Pag'Paras Paa) < (Z). Thu
2&.%) satisfies (Al).

To show (A2) for 2% | take any a € 4 and any #Z € Cov(2%:). By
Lemma (9.1), there exists a 77 € Cov(X,) such that

mOQl'<

(1) (7)Y < Z.

By (A2) for (£, Z), there exists an a’ > a such that

(2) (Paa\Pajay » Paay) <7~ forany ay >a, >a'.
By Lemma (9.3), (1), and (2),

3) (Paa\Pasay> Paay) <(7') <% foramya,>a >a'.

Hence, by (3), 2&-%) satisfies (A2).
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To show (A3) for 2¥-%)  take any a € 4 and any # € Cov(2%:). By
Lemma (9.1), there exists a 77 € Cov(X,) satisfying (1). By (A3) for (Z, %),
there exists an a’ > a such that

(4) Upr <p w7 foranya’ >d'.
By Lemma (9.2), (4) and (1),
(5) (Uar) < (Paa) (7)) < (Paaw) (%) for any a” > a'.

Hence, by (5), 2&>%) satisfies (A3). Therefore, 2¢-%) is an approximate in-
verse system. Similarly, we can show that C(Z, %) is an approximate inverse
system.

Let p={p,:a€d}: X - (£, %) be an approximate map. p induces the
collection of maps p = {p,:a € A} :2X¥ - 2@&.%) and also p={p,:a € A} :
CX)-C&Z,%).

(9.5) Lemma. If p: X — (£, %) is an approximate map, then so are p :
2X 5 2@&.%) gnd p: C(X) - C(Z,%).

Proof. We show that condition (AS) of (1.7) is satisfied. To do so, take any
a € A and any % € Cov(2%). By Lemma (9.1), there exists a 7~ € Cov(X,)
such that

(1) 7Y <¥.

Since p: X — (Z,%) is an approximate map, it satisfies condition (AS).
Thus, there exists an a’ > a such that

(2) (paa”pa” s pa) <7 for any a'>a.
By Lemma (9.3), (2) and (1),
(3) (Paa"Pa s Pa) < (7)< % foranya’ >a'.

By (3), p: 2¥ — 2&.% gatisfies (AS). Similarly, p : C(X) - C(Z, %)
satisfies (AS).

(9.6) Lemma. Let f: X — Y be a map.

1) If 7" € Cov(Y), then (f)~'((Z") < (f7'¥") for f:2X = 2Y and
f:C(X) = C(Y). -

(ii) Let % € Cov(X) and 7 € Cov(Y). If f~'%" < % , then (F)~'((Z))
<{#) for £:2X =2 and f:C(X)— C(Y).

Proof. We show (i) and (ii) for only f:2X — 2Y . We first show (i).

_Take any K;,...,V, € 7 and any K € (/)"'((V;, Va2, ..., Vm)). Since
f(K)=f(K), f(K)e (W, Va, ..., V). Thus,

1) fIK)chuhu---UV,,

(2) f(K)nV;#@ foranyj,1<j<n.

By (1),

(3) Kcf~"muf'hu---ufv,.
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By (2),

(4) Knf'Wj#o foranyj,1<j<n.
Equations (3) and (4) mean that

(5) Ke(ff N, W, ..., fTT).

Thus, by (5), we have

(6) DNV V) SN T, T ).

Since (f~'Vi, f~'Va, ..., f7'Vy) € (f~'7), (6) means that (f)~'((7)) <
(f~'7"). Thus we have (i).
We now show (ii). Since f~!7 < %,

(7) (f7'7) < ().

By (i) and (7), (/)"'((7)) < (f7'7") < (#). Hence ()~'((7) < (%).
Hence we have (ii). Similarly, (i) and (ii) hold for f: C(X) — C(Y).

(9.7) Lemma. Let f: X — Y beamap. Let SC X and T C Y be subspaces.
Let % € Cov(X) and 7" € Cov(Y). If f(S)Cst(T,?") and f~'7 > st#,
then f(st(S, stZ))Cst(T,st?").

Proof. Take any x € st(S, st%). Since #Z 1is an open covering of X, there
exists a U; € Z such that

(1) x € Uy.

Since x € st(S, st%), then U, Nst(S, stZ) # o, i.e., there exists an x; €
Uy nst(S, stZ). Then, there exists a U, € Z such that

(2) x1 €st(Uy, %)
and
(3) Snst(U,, %) # 2.

By (3), there exists an x; € SNst(Uy, %). Since 17 > st% > %, there
exist Vi, V3 € 7 suchthat f~'V; D U; and [V, D st(U,, ). Then,

(4) ViD f(Uy) and V; D f(st(U,, %)).

Since f(S) Cst(T,7"), then f(x;) € st(T, 7"). Thus, there existsa V3 € 77
such that

(5) f(x)eV; and V3NT #@.
By (1), (4), (2), and (5),
(6) f(x)est(V2,7") and st(V3,7)NT # .

This means that f(x) € st(T, st?"). Hence, f(st(S,st%)) cst((T,st?).

(9.8) Lemma. Let Z , 7 € Cov(X).

(1) st((77)) < (st7).
(il) If stZ7 <%, then st((7")) < (%) .
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Proof. We show (i). Take any (V;, ..., V,) € (7). We show that
(1) st(M, ..., V), (7)) (W1, ..., Wa).

Here W, =st(V;,7"),i=1,2,... ,n. Takeany K e st((V, ... , V), (7).
Thus, there exists an (V/, ... , V) € (Z7") such that

(2) Ke(V/,...,Vp)

and

(3) N Vas oot V)V Vo V) #£ 2.

By (3), there existsan L e (Vi, Vo, ..., Vo) (V/, V), ... , V;). Thus,
4) LcV/u---uV,,

(5) LnV/#e forj,1<j<m,

and

(6) Lchu---uV,,

) LnV,#@ fori,1<i<n.

Take any i, 1 <i<n. By (4) and (7), there existsa z;e LNV, c L c V] U
---UV,,. Thereisa j(i), 1 < j(i) < m,suchthat z; € V}’(i) ,ie., Vin Vj’(i) #9,
in other words,

(8) Vie Cst(Vi, 7’) =W; foreachi, 1 <i<n.
By (2),

9) KcWuWju---uv,,

(10) KnVi#eo forj=1,2,...,m.

By (8) and (10), & # KN Vj’(i) cKnW,ie,
(11) KnW;#2 foreachi,1<i<n.

Take any j, 1 < j < m. By (5) and (6), there exist x; € LNV/ C L C
iuV,U---UV,. There exists an i(j), 1 <i(j) < n, such that x; € V}(;, ie,
Vj’nV,‘(j);é@. Thus,

(12) Vi cst(Viy), 7)) = Wy;) foreachj,1<j<m.
By (9) and (12),
(13) KCWiU---UW,.

Thus, by (11) and (13), K € (W, W,, ... , W,). Hence, we have (1).

Since W; =st(V;, 7°) € stZ7", (1) means that st((?")) < (st?”). Hence we
have (i).

We show (ii). By (i), we have st((7")) < (st7") < (%) . Hence we have (ii).
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(9.9) Lemma. If p: X — (£, %) is an approximate POL/ANR-resolution,
then p:2X - 2@&.%) and p: C(X) - C(Z, %) are ANR-resolutions.

Proof. First, we consider p : 2¥ — 2% Since p: X — (2, %) is an
approximate resolution, it is an approximate map. By Lemma (9.5), p: 2X —
2&.%) s an approximate map. Thus, by (1.12), it is sufficient to show condi-
tions (B1) and (B2) hold for p.

We first show that (B1) holds for p. Since p: X — (£, ) is an approxi-
mate resolution, by (1.12), p satisfies (B1) and (B2). Take any #Z € Cov(2%).
By Lemma (9.1), there exists a Z” € Cov(X) such that

(1) (7Y < Z.
By (Bl) for p: X — (£, %), there exists an a € A such that

(2) P Uy <7 forany a’ > a.
By (2), Lemma (9.6), and (1),
(3) (Pa) ' ((#a)) < () <% forany a’ > a.

This means that p: 2¥ — 2(#.%) satisfies (B1).

We now show that (B2) holds for p. We assume that p does not satisfy
(B2)* (since by (4.10) of [MW], (B2) and (B2)* are equivalent). Thus, there
exists an gg € A satisfying the following condition: For any a’ > gy, there is a
B(a’) > a’ such that

(4) Pagp(ar)(2¥91) & $t(pay (2¥) , $*(Zay)).
By (4), there exists a Kp(,) € 2%s@ such that
(5) .ﬁaoﬂ(a')(Kﬂ(a’)) = Paoﬁ(a')(Kﬂ(a')) ¢ St(ﬁao(zx) s SI3(%0)).

We put Sp = {Psga)(Kp@r)) : @' € A with @’ > a'} for a’ > ay. We show
that

(6) Dayay(Say) C SU(Sa, s (#a,)) for ay > ay > ap.
To do so, take any a” > a,. Thus, f(a”) > a”’ > a, > a,. Since 2&-%)
satisfies (A1) by Lemma (9.4), (Pa,a,Pa,8(a")> Pa,p(a")) < (%a,). Thus
Payay (Papa) (K@) » Pa,pray(Kpamy) € (Ur, Un,y ..., Up)
for some (U, Us, ... , Uy) € (%,,) . Therefore,

Payay (Papar)(Kp(ary)) € st(Pa, pia)(Kpary) » (%a,)) C st(Sa, » (%ay))-

Hence, we have (6).

Let A" ={a€ A:a > ap}. Since A’ iscofinalin A, p'={p,:a€ A'}:
X > (Z,%) ={Xa, %, paa , A’} is an approximate resolution of X . Thus
we may assume that 4 = 4’ i.e., 4 has a minimum index aq satisfying (4).

Now, we introduce a new ordering < in A as follows: let a,a € A. We

put a <a provided (i) a=a’ or (ii) a<d',a#a', and

(7 p(;,',,?/a >st#,» foranya’ >a'.
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Note by the definition of <

(8) aéa’,a;éa’, and @’ < ad” imply aza”,
and by (A3)
9) for each a € A, there exists an a’ € A4 such that a <d.

Put A* =(4, 2) . By (8), it is easy to show that
(10) P ={piiacd}: X > (2, %) ={Xo, %, Daa, A"}
is an approximate resolution.
Let a < a'. Since Do ¥a > st %, by (7), Lemmas (9.2) and (9.8) imply that
(Paa) ™ U %) > (st ) > st(Uy) , ie.,
(11) (Paa) " ((#a)) > st(#,n) for any a” Sda.
By (6), (11), and Lemma (9.7),

(12) Paa (5tSar, SU(Zar)))) C 5t(Sa, st((%a))) for a<a'.

Since S, # @, T, = st(S,, st(%,)) is a nonempty compact Hausdorff space
for each a € 4* . We show that

(13) T ={Ta, (%) Ts, Paa|Tar, A"}

is an approximate inverse system of nonempty compact Hausdorff spaces.

By (12), Paa(Tw) C T, forany a < a'. Thus  is well defined. We need
to show (A1)-(A3) for 7 .

Since (2, #%)* is an approximate inverse system, so is 2¥-#)°  Then
2&.%)" satisfies (A1)-(A3). (Al) for J follows from (A1) for 2&-%)"

To prove (A2) for J , take any 7" € Cov(T,) forany a € A. Let 7" =

{", ..., Vx}. Then there are open subsets U; C 2%« such that
(14) unT,=V;, fori=1,2,...,n.
Since T, is closed in 2%, % = {U,, Uy, ... , U} U {2% — T,} is an open

covering of 2% . By (A2) for 2&-%)"  there exists an a’ > a such that
(15) (paal ITalﬁalaleaz ) p_aaleaz) < % for a2 > al > a,'

Since paa(Tw) C T, for @’ > a, (15) means that (Pag, | Tu, Payay| Tay » Paay| Tay) <

7" for a, S a Sd in 7. Thus, we have (A2) for J .

To prove (A3) for J , take any 7" € Cov(T,) for any a € A. By the same
way as in (A2) for .7, we define an open covering % € Cov(2%<). By (A3) for
2@.%)" | there exists an a’ > a such that

(16) (Paa)" 'Y > (Hp) forad’>ad.

Since pagi(Tyn) C T, for a” > @' and ZT,={UnT,:UeZ}=7",(16)
implies that

(17) (Paa)~'Y > Hon|Twr) fora” >d'.
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This means that .7 satisfies (A3). Hence .7~ is an approximate inverse system,
1.e., we have (13).

Since 7~ is an approximate inverse system of nonempty compact Hausdorff
spaces T, by (4.1) of [MW] lim7 #@. Let t={t,:a€ A*}:limTI - T
be an approximate limit. Take any M € lim.9 and put M, = t,(M) for
a € A*. Thus,

(18) M, = lim{poe(My): d € A* with d’ > a}
in T, foreach a € A*. That is, for each a € 4* and each % € Cov(2%+) there
exists a y(a, Z) € A* such that y(a, %) > a and

(19) Paw (My) € st(M,, %) ford >7y(a,%).
Let B(a) = y(a, (Z,)) for each a € A* . We show that
(20) Pawr(My) C st(My, %) for a' > B(a).

By the choice of a’, paq(My) € st(M,, (%,)) . Thus, there exists (U, U,
., Up) € (%) such that

(21) ﬁaa’(Ma’)a Ma€<U1, U2a--- ’ Un)
By (21),

(22) Paa(Mg)UM, cUiUU,U---UU,,
(23) M,NnU;#2 fori,1<i<n,
(24) Paa(Ma)NU; #o fori,1<i<n.

By (23), Uyu---UU, C st(M,, Z). Thus by (22), paa(My)Cc UyU---UU, C
st(M,, Z), i.e., we have (20).

. *%x * %k . .
We introduce an order < in A4 as follows: a < a’ provided (i) a = a’ or

() a#ad, Ba)<a.

Note that
(25) a*<*a’,a;éa’, and @’ < a" imply aza",
(26) for each a € A, there exists an a’ € Asuch thata < a’, a # d'.

Put A* = (A4, <). By (25) it is easy to show that
(27) P ={pa:a€d}: X - (Z, %) ={Xo, %, Paa >, A™*}
is an approximate resolution.

Since a < a’ implies a < a’ by the definition,

(28) Doy > st Uy for a” Sa.
By (20), (28), and Lemma (9.7),
(29) Daa (SU(Myr , St%y)) C st(M,, st%,) fora’ Ta

By (29), (&, Z|L) = {Ls, %Ly, Paa'|La, A**} is an approximate inverse
system. Here L, = st(M,, stZ,).




COSMIC APPROXIMATE LIMITS AND FIXED POINTS 57

Let n={n,:a€ A}:limZ -2 and ' ={n,:a€ A} : lim¥ - ¥
be the canonical approximate inverse limits. By definition, I1{L, : a € A} D
lim%Z Cclim&Z Cc II{X, : a € A} and 7}, = 7,|lim.#. 7, is induced by the
projections 7, : I[1X, — X,.

Since p: X — (£, Z) is a resolution of compact spaces, by (9.1) of [MW]
it is a limit. Thus there exists a homeomorphism f :1lim2 — X such that

(30) pof =mn, foreachae€ A.

Now let L = f(lim.Z’) C X . Since lim.% is compact by (5.1) of [MW], L is
also compact, i.e.,

(31) L e2X,

By (30), plL={ps|L:a € A} : L - (&, Z|Z) is also an approximate inverse
limit. By (4.2) of [MW],

(32) pIL: L — (&, %Z|%) is an approximate resolution.
By (B2) for p|L, there exists an a; > gy such that
(33) Daga (La) C st(pay(L), %) for any a” > ay.
Let Z = {U, ..., Un} € Cov(Xy) and put {U,... , U} = {U; € Z :

UiNpg,L # @} . We show that

there exists a, > a; such that

34
(34) Pay(L), Daga(Lav) € (Uy, ..., Uy) foranya” > a.

Take any i,1 < i < n. Since U; N pg (L) # @, there exists an x
(xav) € L such that pg(x) = X4 € U;. Since x € L = limZ, x,
limgrs gy Dagar (Xar) . Thus, there exists an aj > a; such that

(35) Daa(Xgn) € U;  for any a” > ab.
Take any a; > a}, a?, ... , a} . Take any a” > a,. By (35),
(36) UiNpaa'(Len) #2 foranyi=1,2,...,n.
Since payar (Lar) C St(pay(L), %) = Uy U---U U, by (33), (36) means that
37 Paga’ (La)s Pao(L) € (Uy, ... , Uy) foranya” > aj.
Thus (37) implies (34). Hence, (34) means that
(38) Jim paga (Lav) = Pay(L)  in 2%,
. Next, we show that
(39) al“igzo Paga(La) = My, in 2%,

Take any %, 7" € Cov(X,,) with st?” < #Z . By Lemma (9.8), st(7") <
(#). Take any (Vy, ..., Va) € (7) such that M, € (Vi, ..., Vy). By the
definition of M, , limgisaPaar(Ma) = M,,. Thus, there exist an a; > ap
such that for any a” > a,

(40) paoa“(Ma”) € (I/l y ey I/n>
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By (A1), there exists an a; > a; such that
(41) Puin? > st %y for any a” > ay.

Take any a” > a; and put st(My, st%,) = UyU---UUs, i.e., Uj € st%,, UjN
My # @ . Thus

(42) Mg C st (Mg, t ) = Uy U---UU; = Lyn.
Since U; C st(U;, Zar), by (42)

(43) My, Ly € (st(Uy, st%y), st(Uy, st%gn), ..., st(Us, st%))

€ (st? %yn).
By (41) there exist V|, ..., ¥y € 7" such that pga (st(U;, st%,)) c V] for
j=1,2,...,s. Then
(44) Paga"(Mar), Dagar(Lav) € (V{ s ..., Vi) €(7).
By (40) and (44), (W}, ..., Vo) (V. ... , V) # @. Thus, since st(?") < (%)

paoa“(La”) € St(Mao s St<%)) C St(Mao s (?/))

This means (39).
Since M,, € Ty, = St(Sa, , St{Za,)) and Sg, C 2% —st(Pg,(2%), st3(Z,)) (see
(5)), then My, € 2% — st(pa,(2%), (%)), i€.,

(45) My ¢ Pay(2¥).

By (38) and (39) My, = im paya(La) = Pay(L) € Day(2%) , 1.6, My, € Pay(2%).
This contradicts (45). Hence p satisfies (B2). Hence p : 2¥ — 2(%>%) is an
approximate resolution. Since X, is a locally connected metric compactum,
2% js an ANR and so p:2¥ — 2% js an ANR-resolution.

Next we must show that p : C(X) — C(Z, Z) is an approximate resolu-
tion. When, in the previous proof, we replace 2X and 2#-%) by C(X) and
C(&,%), respectively, we can use our previous proof for this purpose. We
must show that conditions (B1) and (B2) hold. We can easily show (B1) as
before. To show (B2) we must pay attention to connectedness in the previous
proof of (B2). Since the X, are polyhedra or ANR’s, they are also locally con-
nected. Making use of the cofiniteness of the index set, we may assume that
all coverings %, consist of connected open sets. Therefore, in the proof of
the condition (B2), since M, € C(X,), we have L, = st(M,, st%,) are con-
tinua. Thus, by the following Lemma (9.10), L = lim.% is a continuum. In
the same way as before, we obtain a contradiction. So we have (B2). Thus,
p:C(X) - C(&£, %) is an approximate resolution. Hence we have completed
the proof of (9.9).

(9.10) Lemma. Let p: X — (£, %) be an approximate resolution. Let X
and all X, be compact Hausdorff spaces. If all the X, are connected, so is X .

Proof. We assume that X is not connected. Then X has at least two compo-
nents, X; and X,. Since X is compact, components are quasi-components.
Thus there is an open-closed subset U of X suchthat X, CU, X, cX-U.
Let = {U, X — U} € Cov(X). By (BIl), there exists an ap € 4 such that

(1) Po\ Uy < .
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Put %o={Uﬂ:B€B}- Put Bo={ﬂ€Bip(;;lUﬂCU} and B, = {f €
B, pa‘ol Ug C X —U}. Since the elements of % are disjoint, by (1) B = ByUB,
and ByN By = @. Moreover, Wy = J{Up : B € By} and W, =J{Up : B € B,}
are openin X, and WoUW, = X, , WonW, = @. Since X; # @ and X, # @,
then Wy # @ and W, # @. This is a contradiction, since we have obtained the
disconnectedness of X,, . Hence X must be connected.

By Theorem (5.13) we have

(9.11) Theorem. If X is a Hausdorff continuum with an approximate reso-
lution p : X — (2, %) such that the induced resolution p : 2X — (2&.%))
(or p: C(X) » C(&,%)) is a cosmic approximate ANR-resolution, then
2X(C(X)) has the fixed point property.

(9.12) Corollary. If X is an arc-like (or circle-like) Hausdorff continuum, then
C(X) has the fixed point property.

Proof. Since X is arc-like (circle-like) there is an approximate resolution p :
X — (&, Z) where all the coordinate spaces are arcs (circles) and the bonding
maps are surjective. Then by an argument due to Rogers [R, Theorem 4] ., :
C(Xy) — C(X,) is a cosmic map between 2-cells. So p: C(X) - C(&, %)
is a cosmic approximate ANR-resolution. Therefore by (9.11) C(X) has the
fixed point property.

(9.13) Corollary. If X is a locally connected Hausdorff continuum, then 2X
and C(X) have the fixed point property.

Proof. We consider only 2%, the case of C(X) is similar. By Theorem 2 of
[M2] X is the (inverse) limit of a monotone system of locally connected metric
continua X. We consider X as an approximate system

%'—_{Xa>?/a,paa',A},

where p,, : Xp — X, is a monotone surjective map of locally connected metric
continua.

Then we have p,, : 2% — 2%« is a cosmic map of ANR’s by Theorem 2.3
of [N2]. Therefore p:2X — 2% is a cosmic approximate ANR-resolution
and by (9.11), 2 has the fixed point property.

Remark. The above corollary was known in the metric case since the hyper-
spaces are AR’s in that case.
The following was obtained by Nadler in [N2] for the metric case.

(9.14) Corollary. Let X have an approximate resolution (%, %) where each
X, is a Peano continuum and for each a € A there is a subcontinuum Y, of
Xg forall @ > a such that pa,|Y, : Yy — X, maps Y, monotonically onto
X.. Then 2X and C(X) have the fixed point property.

Proof. We consider only 2* | since C(X) is similar. By Theorem 2.3 of [N2]
(Paa|Yar) : 2% — 2% is cosmic. Since (poa|Ya) = Daar|2¥e' , each Pagr|27 :
2¥s —, 2% js cosmic, hence so is Pgg : 2%« — 2%a (see Proposition 5 of [H]).
Since each X, is a Peano continuum, each 2% is an AR, so by Theorem (9.11)
we have 2% has the fixed point property.
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